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Abstract

The limit concept, a basic concept for Calculus courses has been reported as a difficult
concept for the students around the world. As a teacher at a secondary school and as a
lecturer at the Eduardo Mondlane Univ'ersily [ perceived the students’ difficulties when
encountering this concept. The present study scrutinizes the students’ understanding of
the concept of limit of a function. I borrowed the concepts concept image and concept
definition from Tall and Vinner (1981) to establish the students’ mental images and
definitions of the limit concept. Since mental images can only come into being within a
répresentation, I concermed myself with how the students worked within the numerical,
algebraic and graphical representations and how they switched from one representation to

another, drawing on Douady’s (1986) work.

Two classes of two schools, one in Maputo and other in Quelimane were chosen for the
present study. A task was administered and nine students, four from Maputo and five
from Quelimane, were interviewed with the goal of deepening the students’ thinking

when tackling the limit concept.

The results of the research showed that students’ concept definitions of a limit of a
function might be split into two broad categories. The first category encompassed the
definitions that suggested a dynamic nature which were classified as approach and
continuity. Alternatively, the students’ definitions indicated a static concept definition,
using the words interval, neighborhood or the formal definition with the £ -6 symbols
and were included in the categories notation/algebraic calculation, boundary and formal
definition. Similarly, the students’ images were categorized as dynamic or static in
nature. The dynamic images included the asymptotic and the miotion picture. Adding to
these two categories three static concept images were classified: the barrier, the value
correspondence and the procedural. Moreover, | established the relationship between the
different representation systems and students’ concept images used in the solution
process. In addition, [ ascertained students’ connections between images associated to the

context and those generated from the mathematics in a daily life problem.
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CHAPTER 1

INTRODUCTION

1.1 STATEMENT AND AIMS OF THE PROBLEM

“Define the function: f(x) by letting f(x) be the distance from a certain train to the

station at time x, where x is measured it hours after 12:00 noon on March 1, 1989. At
exactly 2:00 p.m. on that day, the trair: arrives and comes to a complete stop at the

station. Discuss the limit of f(x) as x-» 2" (Williams, 1991, p. 224). Williams

(1991) used this question in his study to alter the students’ spontaneous models of
limits of functions. One of these model was whether a function could reach its limit.

A student claimed in an interview,

“I thought about the train example (laughter). This is going to get really
philosophical, maybe, but like the train comes to a stop at like a certain time, right
but it’s ... what is stopped? I mean you can question the words “no movement”,
Does anything ever stop moving? [ mean, is there such a thing as no motion? And
you can say, slows down enough lor passengers to come in and get out, but what 1s
exactly stopping, unless there is like, 1 supposed at a certain temperature level,
there's absolutely no motion. But when you take it to that extreme, there’s absolutely

no motion, otherwise, how do you lefine stopping?” (Williams, 1991, p. 227)

The student tries to deny her experiencz to be consistent with her concept image of a
limit as something that is not reached. ~\long with this concept image the student held
other images that hindered her/his undursianding of the limit concept. As a teacher at
a secondary school and later a lecturcr at a University I too have been faced with
students struggling with this concept. Thus, the purpose of this study is to find out

how Mozambican students deal with the concept of a limit of a function when they




come from secondary school, where they are taught the concept in Grade 12. To

make sense of the students’ concepts 1 will use the ideas of concept image and

" concept definition.as described by Tal and Vinner (1981). Besides that [ want to

access how thes different representations - theoretical (definition), graphical,
numerical and algebraic - influence their understanding of the concept of a limit of a

function.

1.2 RESEARCH QUESTIONS

" The questions I intend to answer in'my 1escarch report are the following:

Do the students conceive of the limi: as a static number or as a dynamic process?
2. What concept image and concept definition of the limit-of a function do the
‘Mozambican Grade 12 students hold?
How do the Mozambican ‘Grade' |7} students understand each representation and
how do they relate the different repiesentations: theoretical (definition), graphical,

"+ numerical and-algebraic? . .. : - Lo

«..» However, the present study was not concerned with the formal definition using

¢ -7 symbols. The reason for this is that this definition is very abstract and the

. Mozdmblcan students do not understand it and Mozambican teachers rarely teach this
deﬁnmon (Hulllet and Mutemba 199") Recently researchers have stated that the
l. formal deﬁnmon of llmxt of a functlon is viewed as difficult for students because of
| ‘the use of quantifiers (Vv and PN(T al] and Vinner, 1981) and the use of the
‘ € -J symbols (Vinner, 1991, Hulllet and Mutemba 1999; Espmoza and Azcarete,

| ‘ l995)




1.3 DEFINITION OF TERMS

In my report I will use some scient fic terms such as concept image, concept

definition and so on. In this section | am going to explain in which sense I use them.

A concept image is the total cognitive structure that is associated with a concept, which
includes all the mental pictures and associated properties an& processes. (Vinner, 1991).
The concept image of the limit of a function can be associated not only with the
definition but also with the algebrzic tuchniques used to calculate limits, indeterminate
forms, the graphical representation of asymptotes, and the continuity of a function or the
seduence of x values-approaching a poinl. One uses representation systems to express
his (her) mental images. Douady (1986) defines a representation as a set of
mathematical objects and relations between them, formulations sometimes contradictory
and mental images associated to these dbjects or images. In my report I considered the

algebraic, the numencal and the graphical representations.

A limit of a function can be seen in tvso ways: limit as a dyramic process and as a
static number. The limit is viewed as¢ a dynamic process when one thinks of it as
movement. That is, the value of the function is approaching a number more and more

closely.

For example, 0,9=1 because the sequence of values approaches 1. Tall (1992)
suggests phrases such as “u, tends to 1", " u, approaches to I’, “'the distance from u,

to | becomes small’, etc indicate 1 motion or a dynamic process. Altematively, the
motion idea may not be considered. One can consider, a, the limit of a function
because the values of the function are ia an interval near a, or are grouped around the

number a. Tall (1992)'uses the phrases “u, is as close as you like to I”’, “the v, are in

n

an interval near I’ to show the limit as a sratic object.




Concept definition is the form of worcs used to specify a concept (Tall &Vinner,
1981, p.152). The limit concept may be defined by means of the formal definition

with the £ —§ symbol or by means of 2 dynamic definition.

When' one defines a limit dynamically. expressions such as ‘tends to’, ‘approaches

to’; ‘imit’ and “‘converges’ are employed. These words are also used in daily life.

- Therefore; students already hold irmages of these words based on their experiences

" outside the classroom. These words have a certain sense for the students different

from that hold by the mathematics comsaunity. This daily life sense is called ordinary
sense in the present report. Cornu (1991) names these images held by the students
beforc formal teaching, spontaneous: conce}ations. ) Accordirig to him, these
conceptions do riot disappear with formal teaching, rather they mix w1th the new

conceptions and form the individual’s ¢ mecept images.

1.4 THE RATIONALE OF THE STUDY

“‘The concept of “lmits of functions’ is fundamental for “the Calculus” at a
" University. In Mozambique this concept is first introduced to students in Grade 12.

‘The: concept can be represented in various ways, for example the numerical

representation, the graphical representation and the-algebraic representation. From my
experience as a lecturer at-Eduardo Maondlane University, many students struggle to

deal ‘with the graphit:al and the numcrical representations. Furthermore they have

‘forgotten the definition, perhaps becaus: they have not understood it. They-are able to
" manage the calculations of limits of functions (algebraic representation). without
‘ ‘'many problems; but they do not see the link between the different representations.

- ‘For instance, when they have a calculus result, they do not know what it means in the

graphical setting, In addition to this, they are not used to managing the numerical
representation, They think that the problem is solved with the substitution of the x
value and successive algebraic calculations. I decided to investigate which concept

definition the students hold and identify the possible explanations for




misunderstandings in the students’ conc.2pt image. ] hope that the issues raised in this
study help Mozambican policy makers and teachers to improve the methods of
approaching thc limit concept. Importaat features may be taken into account in the
teaching process. For instance, teachers may discuss with the students the meaning of
the terms used in the limiting process so that the spontaneous conceptions. do not
influence their individual concept images negatively. In addition, highlighting
interaction between the different represcntutions of a limit and dealing with problems
that represent situations where the limit concept 18 applicd may¢cnl'x_ancc the evolution
of the concept .formation. o \ S
1.5 OUTLINE OF THE RESEARCII
With this study [ intend to_- _gaih access to the Mozambican students’ conccptiqns of
the limit concept near-the‘end-of szcondary school. I based my analysis on Tail and
me,r $ (1981) conccpt deﬁmt]on and concepl image. Since thc students concept
1magc and concept deﬂmtlons need a device to come into bemg, I used, in addition,
2 Douady S (1986) concept of representation, Therefore the students’ concept image
: . ‘and xconcept: definitions were analysed in the light of their proficiency in working
- within the various representations. In Chapter 2 I review some .preceding-studies
. about the limit concept in order to gain insight into student pitfalls reported by other
_researchers.  In addition I looked fur other literature where concept definition,
concept image and representation were applied. 1 concerned myself with existing
. literature about concepts related to my study such as the spontaneous conceptions
(Comnu, 1991). In Chapter 3 I present an overview of the sampte, the instruments 1
used to gather the data and how the data was analysed. Chapter 4 is the essence of
this study. In this chapter I amassed the data from the students’ answers from the task
. and the data from the transcription of the interviews, placing them in the concept
_definitions and concept images categories drawn from Miles’ (1984) work. In
addition I looked for the students’ proficiency switching from one representation to

another. Finally, Chapter 5 1s conccmediwuh the summary. of my findings as they

l




relate to the research questions. Morcover, | analysed the interplay between the
students’ concept definition and ccncepit images. The relationship between concept
images and the representation systums was also considered in Chapter 5.
Furthermore, [ addressed some implicat-ors, limitations of the study and raised some

1ssues for further studies.

Figure 1.1 Chapter overview




CHAPTER 2

LITERATURE REVIEW

2.1 INTRODUCTION

. The concept of “limit of a function™ :s the basis for the subject “Calculus”. The
Mozambican first year students encount :r many difficulties when they are faced with
this concept, which is taught in Grade 12 in Mozambique. Researchers have pointed

~to the difficulties students of various countries -experience with this concept.
_ Researchers have paid attention (o students’ misconceptions in the learning of fimits
of functions in recent years from different perspectives. Cornu (1991) and Sierpinska
(1987) focus their attention on “episteriological obstacles”, Tall and Vinner (1981)

. emphasize the importance of the “concept image”, Comu (1991) centres his attention
. “didactical ;engj_ne__cring” (Robinet, 1983 Trouche 1996).

Obstacles in constructing the limit concept
. ‘I__.(;O'l'_ﬂl_l (1991) raised a numbt;_r of obstacles students face when constructing the
~ concept of limit of a function. He adds that these obstacles have already appeared in
7__ft‘he! historical development of the concept and points-out four major obstacles that
. emerged in the history of the development of the limit concept: the metaphysical
aspect of the notion of limit of a function, the notion of infinitely large and infinitely
.. -small, the failure to link geometry with number and the conception that the limit is

never attained.

Firstly, students,,view the notion of /imir as difficult because of its metaphysical
features, that is, its unusual and absiract procedures. Comu (1991) ascribes the

notions of infinity and limit as refcvant to the metaphysical aspects. The procedures




of algebra and arithmetic that have been used up to now are no longer helpful to solve
limits because the students have to deal with the concept of infinity. For example, ST,
a student from Williams’s (1991) study expressing her metaphysical belief claimed,
“And I thought about all the definitions that we dealt with, and I think they're all
right - they're all correct in a way and they're all incorrect in a way because they
can only apply to a certain number of functions, while others apply to other functions,
but it's like talking about infinity or God, you know. Our mind is only so limited that
you don’t know the real answer, but pirt of it”. In addition, the concepts infinitely
large and infinitely small are difficul’ to understand.. Students do not imagine a
positive number that is so small 1t 1s a‘most zero, or-a big number, bigger than any
other. The introduction of the symbol & expressing a positive quantity that is close to
.zero but not zero leads the students to have a dynamic view thinking of an unfinished

process.

- Secondly, the most common geometric problem linked with limits is the calculation
" of the area of a circle, increasing the number of the sides of an inscribed regular
polygon. The students have difficulties -n understanding the passage to limit when the

number of sides increases.

Thirdly,.one of the student’s difficultics hes on understanding that the function may
assume tts limit value. This debaie has lasted through the history of the concept.
Cornu (1991) cited D’Alembert who said, “The limit never coincides or never

-, becomes cqual to a quantity of which it is the limit, but is always approaching and
can differ by as small a quantity onc desires” (p. 162). The following protocols,
showing the students’ belief about the limit not being reached, were extracted from
Williams's (19915 study. A student, JKLM claimed, “Well I would say that the
Junction reaches its limit. But not when you're trying to approach that number. But

i-.... :like after that, if you plug in the right number it can reach its limit” (Williams, 1991,
t+.-226). In the same way, DT stat‘f_‘:fiy,w“jérv Jaraskfhe function goes, you know, if you don't

. 2.0 do. the limit or.anything on il, you can plug in that 1 and you're going to get the




"value, You're Boing to get the exact value. But that would be a"totally d.i'j']"é};’ént
X S'epai;izte’p'f‘oblem,. I mean notliing to di. with limits”. For the stidenis'the process of
."p‘lu'gging‘ in po-ints,'.and thérefore reaching’ thé Timit has. nothing'to’do with the
_'ei/aluati(')h of a '-lir'rlil, because they conceive of the limit as something tha‘t: is not
‘reach’ed; :Likewise,'Szydlll( (2000) poirted dut that the students miay think that' the
N values of the function get c]oser to the limit but never equal it, because they ithagine
. the e}tlstence of an 1nﬁmte31mal distarce between the limit'and the values. ‘of the
function. The previous examples demorstrated that the students separate’the function
in a limiting context from the functlon in a more general situation. Assigning:the
students’ belief to " their practlc:e in the classroom, Tall (1991) argied that the
\;a{'s‘!e_;guénce»un = —’1; lS i-n most cases g.ven to the students as an ex ample ofa c'onyer‘gent
“sequeice: This misleads: thestudents fo think that.in all cases the terms..of  the
! 'séquenée -tend but neveriassume the .value-of the limit, there 18 always :a slight
~difference’ between ‘the limit and any term of the sequence. The mtroductlon ,of

,counter-examples in ‘the- ‘teaching process would contradlct thls conceptron

...'-o :

. Moreover, thé llmlt is viewéd as a comyputational method a process oﬂcomlng near to

4 value rather than a result, the value uf the limit 1tself Many studtes have reported

e “ife tihr i .

students drfﬁcultles m understanding that 0,99 =1 (Schwarzenbergen and “Tall,

!
..;l.. | ser to .., N

1978 Srerspmska,‘ 1987) One of the_rcasons evoked for: the studenls. conceptron of
01;99 , :bemg less then 1 is the notion of ! ‘infinitesimal” that 1s regarded as' mﬁnltely

. close but not equal’ (Schwarzenber ger and Tall, 1978) Accordmg to Artrgue ( 1 996)
the ﬁrst term of the equality represent, the limit as a process and the second as an

. object She also sald that to understanrl this equahty it IS essentlal to chstmgursh the

. mﬁmte process descnbed by 090 . and the number resultmg from this process

T These twofold features of the :.,onrept limit, as- a process and as an -object
srmultaneously, denommated a procepl are ascrtbed to, Gray and Ta]l (m Monaghan
et al 1994) ‘These. obstacles may be a hmdrance for-a student S formatron of the

llmlt coneeptlon The difficulties presented by the students in the study were in most




. .cases assigned .to misconceptions related- to- the.mentioned‘-obstacles. Actually,
.concept images of the limit concept they developed were influenced, to some extent,
- by the -way they conceived of infinity.or the limit as a process or as an object.
Students’. concept images were used in the study to ascertain their 'ﬁnderstanding of
. the limit concept. The state of a studen:’s concept image may bé established by the
way s/he works within a representation and his (her) ability to switch from one
representation to another. Therefore [ also used the concept of representation as

framework of my study.

2.2 CONCEPT DEFINITION AND CONCEPT IMAGES-
i tn the proceSs'ﬂ'of learning students are no longer considered empty vessels ‘tl‘lat only
receive knowledge from the teacher. Contrary, they bring to the classroom’ some
" hotions of a concept before it is taught For instance, the students:use in their daily
" “'life the word limit. Consequently, when they first encounter the concept of limit at
**school they already have some conceptions of this word. These conceptions are-ideas,
* - intuitions, images, and' knowledge, which are acquired through experience. Cornu
1+ (1991) referred to these ‘as sporitaneou. conceptions 'linked“to,'the' limit concept. He
-goes on to say that these ideas that developed prior to formal teaching do not
- disappear after teaching. Instead, th students’ old concepts are linked to the new one,
meodified and aciaptetft to form a revised conception. Some "rﬂesear"chers (Cornu, 1980,
~ Tall and Schwerzenberger, 197§; Tall and Vinner 198tj considered the everyday
meanings of terms also associated witl mathematical concepts a p0551ble hmdrance
for the !earmng of the mathem.mcal concepts. Actually words such’ as lmnt
approaches tends to and converge’s hive a different meaning in daily llfe and can
1nterfere w1th the fonnatlon of an appropniate conception of the 11m1t concept
Monaghan (1991) using the same matheinatical words concluded that these.words
interfere w1th the students undersrand'ng of the concept of limit of a functlon On
the other hand P:mm (1981) st'ressed thatfconfuswn may emerge from the dlfference

betwcen teachers and students’ m°amng of a concept ThlS difference is credlted to




the difference bet:wcen ordinary language and mathematical language. In Sfard et.al.
(1998), Nesher suggested that “talking nathematically” to students helps the teacher
evaluate what they have understood about a concept, but it cannot help the students
understand- the concept. She said, “Students will be evaluated according to their
ability to talk' mathematically in using this term, and not by the way they talk about it
in natural language”. Therefore, teachcrs must be aware of the interference of the
spontaneous conceptions of the terms used to describe the limit concept and
consequently “talk mathematically” about them to students so that the concept images

-they hold do not differ too- extensively from those conceived by mathematicians.
According to Vinner (1991, p. 68)

“+ + The concept image.is somcthing non-verbal associated in our mind with the concept
. name. It can-be a visual representation of the concept in case the concept has visual

representations; it also,can be a col ection of impressions or experiences.

It éhoul.d be noted that,so_mg-. authors (c¢g Davis, 1984) use the term “concept frame”
instead of “concept image™. Vinner (191) uses the concept of ‘table’ to explain what

hgi means by concept imagg.} He says that when the word ‘table’ is._hamcd several
things .ca,nfbt;f associated to ‘it: For example we can eat at a table, or write and play
c.'ar('is. ona tal?le__ but cannot usually lie on a table. Tables are made by different
e ,rﬁaterial_s:,suph 'és wood, plasti__c, and gluss. There are tea tables, computer tables, and
~..poker tables. The images that are brought into one’s mind.can be contradictory.
.Students’ concept,images of a function are different and contradictory depending on

.-, the representation§ they work on. Foi instance, the expression y.=$, represented
.- .+ sralgebraically, may .not be considered a function, hecause the variable x does not
-« depend on the variable y. Alternativel/, a picture representing the same.expression
--graphically may be recognized as.a function. In the same way concept images

. assoctated with the concept of limits can be developed. Some visual representations
associated with -the limit concept are the four representations: -graphical, numerical,

- formal and.algebraic representatiori. When the concept limit of a function is named,




several images come to mind, such as algebraic techniques; the indeterminate, the

graphical representation of asymptotes, he continuity of a function: or the sequences
of x values approaching a point, Somet-mcs, but rarely,.the definition-of the concept
is associated with the concept. This iltustrates that the concept definition and concept
image can be formed independently. Soinetimes-one of them or both are absent from
“a student’s mind. For instance if th¢ student rote-leammed a definition without
understanding its meaning, s/he cannot associate any images with the concept.
Alternatively, the concept image can be in conflict with the concept-definition. If the
" students conceive of the definition of liz1its as a point that-the function gets closer to
as the x value increases, it will contradict the limit of a.constant or coptinuous
' functlion. The colloquial meaning of ‘close’ is near but not coincident
(Schwarzenberger -and" Tall, 1978). V-nner (1991) states that the acquisition of a
.concept may be made by means of its c efinition, which is involved inthe formation
of a concept image. However, somerimes the definition is given after the notion of the
boncept is acquired or is not given at all. Additionally, the teacher’s concept image
iplays a great role in the students’ conceyt formation as Bills‘and Gray (1999) reported
:: in ‘their research. Their-results explain the' students’ misconceptions caused by the

typical exercises-and fepresentatiors thit ire given by the teacher in the classroom.

.y For example, some students regarded the limit as something that is never reached.

- This-may be a‘result of examples ol ﬁn ctions where the limits are reached not bemg
i S LR

dlscussed in-the classroom. In acldzt:omthe iime allocated to algebraic calculatlons‘

and the amount of limits evaluated in the classroom led the students to thmk that the

- limit concept is- encapsulated in the algebraic calculations. Later, when asked to solve

» .-exercises they recall the way they solvi:d similar questions in the classroom without

thinking of the definition. Vinner (19<1) describes four possible situations for the
~ relationship between concept image and concept definition’ when a student meets a
task. He considers each of them as being a cell in the student’s cognitive structure,
‘which might be accessed bcfore’or:after—thc other or not ‘be consulted at all when a

task 1s posed. He points out the process where the concept -definition is not consulted

.. at all by the student to answer a question as the one that frequently arises in practice.




Concept images and concept definition.: have been used as a-framework to research
students’ understanding of various oncepts. For instance, -Vermeulen (2000)
investigated pre-service first-year matl ematics education students’ concept images
after they attended the module Teaching Early Algebra. She concluded that the
change of perception of an algebraic :xpression- as a’ manipulative ‘procedure to a

more conceptual understanding did not happen after the instructional component. In

.the interviews the students exhibited conflicting concept images generaied by the

spontaneous conceptions and the conceptlions developed through instruction. This

framework was similarly used in studies to ascertain students’ knowledge of the

“function concept (Vinner and Dreyfus 1989) and the students’ p'érceptio:n's of the

continuum (Chesa and Giménez, 1994). Altematively, other researches used this

framework to” investigate student’s conceptual changes rather-than their existing

‘knowledge of the concept. Baldino, Ciaai and Leal (1998)'an'd Matsuo (2000), among

‘others, also used the students’ concep! definitions and concept image-to produce a

change-in the state of knowledge and te investigate the factors that help these changes

“in the students’ limit and real number conceptions and the understanding of geometric

figures respectively. This may help improve suitable teaching material for a particular

""" state. 'On ‘the other hand, Furina (194) investigated the effect of regular use of
" ‘spreadsheets on students’ concept image of limits. Garcia and .Azcéret (1996) also
"7 1ooked for the studénts’ evolution of the concept images associated to a linear

“function using software.

“ Students hold spontaneous conceptions, which are acquired through experience in the
" daily life, when they first face a concept in the classroom. The student’s ordinary
"language, which meéanings are most of the cases different from the teacher’s one, are
" “not .discussed mathematically in the classroom. This does not help the students
. diminish the intrusion of the spontanevus conceptions in the mathematical. language.
'Aﬂer'téaching, the-spontaneous conceptions are modified and adapted to the new

‘knowledge acquired forming the student’ concept images and concept definitions.

Concept definition and concept images hold by students reflect their.understanding of




a concept. Therefore concept image and concept -definition have been used as a
framework to access student’s actual }nowledge of various-concepts or to explore

student’s conceptual changes.

2.3, THE REPRESENTATION SYSTEM

Douady’s (1986) definition of a representation is that it consists of -mathematical
objects, relations between them, formulations sometimes. contradictory and mental
images associated with these objects ard images. She shows in her article that using
- different representations for a mathematical concept helps the students associate
different. mental images to the objec: of stqdy. Changing from one.to another
representation the problem is reformulated; new questions related to a particular

representation. are posed that require usung different tools and procedures. Moreover,

. each ;'epreégntation highlights characterstics of the concept that are not easy to see in

- other representations of the students’ conceptions. For example, nowadays, the

- computer, is a powerful tool for cmphasizing the . characteristics of various

;... representations at the same time (Jarcia and Azcéret, 1996). Schwarz. and

Bruckheimer (1988) pointed to a high:r level of students’ understanding when the

function concept is first taught through .1 graphical representation and then transferred

., to an algebraic representation using a Triple Representational, Model. Likewise, Guin

and Guzman (1990) used the program LOGO to highlight the various aspects of a
function z.md' the‘relétion between them. Confrey and Smith (1992) used the
exponential function to illustrate the variation of the students’ perception in each
representation. Actually, the student: percleived, through sketching exponential
functions, that they have the same shapc and that the: points are alwayé ‘bunched
‘together near the origin and more spaced out around-the curve. Alternatively, the
numerical representation reveals a constant ratio between the values of the function,

whilst the.calculator is a powerful tool in teaching the algebraic representation. As we

..can see this interplay between representations concurs with the . formation and

extension of the student’s concept'image: aeis . -




However, to, answer similar mathemasics. questions given in-two representations,

students might use a certain method w thin one representation and not use it within

1. another. For instance, Higueras et. al. '1994) reported the students’ use of function

proprieties such as increasing and decr:asing functions, -and continuity to justify the
existence of a function given graphically. Nevertheless, the students did not use the
same procedure to justify the existence of a function given its algebraic expression.
The researchers concludéd ‘that the propriéties “Are ‘considered to be graphic
charactenistics and not analytical ones™ (Higueras et. al., 1994, 157). In addition, the
use of different representations in the same problem may produce different student

answers. Tsamir and Tirosh (1999) fcund an inconsistency in students’ responses

" .using two representations, in the comy-arison of infinite sets namely the numerical-

horizontal representation and the geometric one. Likewise, Furina (1994) repoited a

-discrepancy between the students’ responses in the numerical représentation and the

+ algebraic one in their evaluation of student understanding of a limit.

While "algebraic representation is common to students, graphical and the numerical

- “Yepresentations: are unfamiliar to-Moz.mbican students. Confrey and Smith (1992)

corroborating “this view, claimed tha. the algebraic approach is‘ predominant in

".textbooks and asséssment measures whilst graphs are secondary 4nd the tables even

~less frequent. In addition; Dreyfus ard Eisenbérg (1990) pointed-to the students’

preference to use algebraic procedures instead of diagrams and gave a'didactic and a

cogmtlve reason for this preference. This was evidenced by a student, GB, from

© 'Wiltiams’s (1991) study. She viewed Jormulas and .graphs as useful ‘tools that avoid

* the need for a conceptual understandin‘z. In a giVen table of values students answered

that if they had a_formula or a graph it wduld not-be difficult to solve the task. GB

+claimed, “To me, looking at a graph, I mean, you really don’t need any concept, you
.know, sandwich or walking towards « wall or anything, I mean, you just look at it

‘and you can see ir’ (William 1991, 234). I add 2 fourth position for problems related

to llmlts namely problems thal model a context. Students rarely encounter problems

that model reahty Being aware of the advantages of switching between




representations for the development of student’s coriception,.Robineét (1983) proposed
a didactical sequence. This sequencs of lessons helps the students intuitively form the
notion of a limit of a function. The students moved from the graphical to the algebraic
© setting (or vice-versa) analysing the notion from different perspéctives; which

contributes to the development of their « oncept image of the limits of functions.

24 A DIDACTICAL SEQUENCE FOR THE TEACHING CONCEPT
LIMIT o

My research questions did not aim to lind a didactical sequence for the teaching of
the limit concept. However, I found Ro»inet’s (1983) work about the teaching of this
concept interesting, because it showed the cffectiveness of the change between
representations. for the students’ development of concept images and'there‘ft;re the
condeptu_alisatipn of a limit of a functicn. Therefore, this proposal may be 'a'poim of
reference.- for teachers’ reflections of more successful approaches to teaching the
concept. Robinet (1983) analyses this concept from another perspe'ctivé,%She:préposes
a didactic sequence for teaching the lirit of a functiori.’ The students dre introdiiced
gradually to the concept through solving different tasks. Using .a'parabolé and a
hyperbola the students are guided to «onclude algebraically or 'graphicall)'r what is

meant by lim f(x)=-w and limj(x)=+= . For ‘instance, with the hyperbola

R

they analyse for which value of x (pasitive)  0<|f(x)[ <107, ©0<|f(x)|<107",

| <107, n é natufa} number 1s big as we want. The students conclude that

if for any n as big as we desire there exists a x, >0 so that for any x greater than x,
0 -<[f(x)| <107, we cansay that 0 is the limit of the function when x approaches

. + . Or, using the graph, they can conclude that if for any boundary formed. by the x
axis and a parallel to it, with the width J; as small as we want there is a point of the
curve M, with the abcissa x, > 0 belonging to this boundary so that all points on the

" curve w1th abcissa x> xobelong to this boundary, the limit of the function is zero
. e ‘f.‘.”.“.".‘ﬁ‘ Hr”"\"
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when x tends to +®. After that the students generalise the formalisation for

lim f(x)= f(x,) or lim f(x)# f {x,}. In this way, students first deal with concept

images of the limit concept using different representations and then formalised the

concept,

' 2.5° " MODELLING

. 1'..\ -

- Model reality in teaching a concept improves the learning. Often, mathematical

expressions for a non-mathematical prccess or object are created in order to analyse
the modelled object or process (Dreyfus, 1991). Boaler (1993) claimed, “The use of
examples which students may anal) se and mterpret it is suggested, allows students to
become mvolved wrth the mathematic s and to brake down thelr perceptions of a
remote body of knowledge” (p. 118). The benefits of a link between the concept and
danly life goes beyond Boa]er s claim in that the link of a concept with an application
or as a tool to' solve tasks helps the cvolution of the students’ _concept. However,
teachers are not used to introducing thuse types of tasks Therefore the students feel
uneomfortable when faced with tasks related to reallty Phlllppou and Christou (1994)
found out ev1dence of prospective teachers’ failure when trying to produce a word

problem for a glven mathemancal explesslon including fractions. They cited Simon

. saying, “They also seemed to be unabie to connect the symbolic computations with

real world contexts”. They do not know how to apply the mathematical concept,
mismatching concept images drawn from the object or process model. On the other

hand, the solutions to the problems are in some cases incoherent with the context,

.because students do not contrast and discuss the results obtained keeping the context

in mind.

The students’ answers to a word problzm reveal their conceptual understanding of a
concept rather than a procedural understanding. Because | was interested in students’

conceptual understanding, in the task of my study I,developed a question modelling




reality with the aim of accessing students’ conceptual understanding of the limit

concept,
2.6 CONCLUDING REMARKS -

As a lecturer at the Eduardo Mcndline University 1 frequently observe that the
students’ concept images of the .imit of a function are \f'ery weak. The concept
definition is absent or very diffuse. The language in the formal definition is very
difficult because of the use of quantifivrs, modulus and the € -4 symbols. I suppose
that these factors account for the Mozambican teachers not teaching thé formal
definition. On the other hand, the definition of a limit as a dynamic ]rroces.s misleads
the students to think that the distance b:tween the values of the function and the limit
is infinitely small but never zeto. This guided the students to a conception of a limit
that is never reached. Furthermore, 12 prototypical tasks used in the classroom
cdntribute to errongous conceptions (13akar and Tall, 1992). Translating from one
representation to another helps the stdents to grasp propnetres and characteristics
that were not ‘no_hceable in other ‘epresentations. However the students facc
difﬁculties' when switching from one rspresentation to another and there is a tack of
coordination between the diffcrent representations. Studies show  students’
" “inconsistencies working in different rcpresentations (Tsamir and Tirosh, 1999). The
algebraic represenfation was reveal:d as the predominant in textbooks and
assessments (Confrey and Smith, 1992). Evidence has show.n that the students are
much more confidént dealing with the algebraic calculation (Huillet and Mutemba,
1999; Espinoza and Azcérete, 1995; Bezuidenhout, 1999). The difficulties with
graphs are relaled to reading the co-orlinates of a point and seeing graphically that a
movement of x toward a particular point on the x axis implies a movement of the
>function towards a correspondent peint on the y axis. Numerical solutions and
‘algebraic caleﬁlations r'e];resent the same procedure to the students. For them the

' numerical solution is to substitute the x value and do the calculatlon as if they arc

"7 agked toevaluate a limit given &' Hformulasis *‘"'-ifjr_ '




In conclusion, the students’ understandling of the concept of limits of functions is
expressed by the definition or/and by images that the students associate with the term
‘hmits of functions’. Furthermore these images may be represented in different forms.
For instance using a graph, numerical sequences or calculations. Doudy’s interplay
between representations ‘and Tall and Vinner’s concept image and concept definition

deal with the features mentioned above and explain, to some extent, students’

. .understanding of a:concept. Consequcntly, I drew on Doudy’s interplay between

representations and -Tall and Vianer’s concept image and concept definition as a

framework for analysis.




CHAPTER 3

... METHODOLOGY - -

31 -~ INTRODUCTION - -

In this section I will concern myself with the source of data, the procedure used in the
collection of the data, analysis of data ind methods used in the interpretation of the

results.

My intention with this study was to gather information to understand how
Mozambican students deal with the concept of the limit of a function, particularly the
concept definition and their ways of thinking when faced with concept images of the
limit of a function accepted by mathematicians to answer my research questions. The
task and interviews displayed evidences of the students’ concept images and
definition, and their skills tackling with limit issues. Concept images can only be
recalled within a representation. For instance, the concept of a function may be
associated with a curve (graphical r:presentation), a table of values (numerical
reprcsentationj, a definition (verbal representation) or an expression (algebraic
representation). Therefore, important thing in the study was, which representations
the students were able to use, how thcy related these representations and how they
applied the concept in an unknown situation? Their proficiency in working with the
representations allowed me to accessing their concept images and their thinking about
the limit concept. Two types of data sources were gathered: a task and interviews.
The data was triangulated using a teacher questionnaire and interviews conducted in
1998 (Huillet and Mutemba, 1999) and with current participating teachers as

portrayed in the following diagram:




" Students’ tasks Students’ interviews

(09. 2000) (09.2000)

Teacher’ s questionnaire
and interview:

(1998 2nd :9.2000)

Figure 3.1: Data triangulation of differeat sources

.+ According to Mathison (1998) the researcher uses triangulation as a strategy to

« collect evidence, which helps him/her explain-the social phenomenon in the study.

"Sheclaimed that triangulation could bring out not only a convergence between the

different data sources but also inconsistency and even contradiction between them.
The cvidence provided by triangulatioa - consistent, inconsistent or contradictory -

provides the researcher with insight as a basis to construct a theory for the

‘phenomenon. 1 used the teachers’ ques:ionnaire conducted in both schools were | did

my research, because my experience &35 a teacher at a secondary school shows that

-students study mostly from notes taken in the classroom and exercises given by

‘teachers or-from examination papers from past years. Therefore it was reasonable to

suggest that the formation of their concepr image is to some extent influenced by their
teachers’ concept image. Besides the-teachers’ questionnaire I evaluated the data I
gathered in the study with- other different data sources such as the Grade 12
curriculum, teachers” worksheets and examinations paper. Bills and Gray (1999)
reports a relationship between the teacher’ s representations and the images. held by

the pupils.




The study was-divi;_iqd,jnto two phases: the piloting phase and the study itself, which
was di'vided into twb r;thases'; the administration of a task and the interviews. The pilot
phasc was the phase where the task was tested in a school in Maputo. The second and
third phases took plac'e in Maputo and Quelimane. Students of two schools, one in

each city, completed a task and were interviewed.
3.2 THE PILOTING PHASE

The piloting phase took place in one -lass of 17 students at one school in Maputo.
The concept of limits of functions had already been taught in that school. The
students were asked to solve the tasls, comment on the language, and style, and

format the task.

The developed task showed that the language used was in general clear; but in

Question 2 the students were not clear what was meant by the expression practical

exercises and in Question 5.2 it was net explicit in the problem that the given formula

. was applicable as from the moment that the bar was removed from the fire. In
addition, the structure applied in som: question confused the students. For instance,
in Question 3.3 the students were askcd to write four sentences using the expressions
tends to, converges:to, approaches anl limit, each at a time, in a non-mathematical
context. Some students tried to apply the four expressions-in a single sentence other
students used only one or twwo expre;soions. Thus four sub-questions including one
one of the expressions each were introduced instead of Question 3.3. Question 3.1
was 1mproved to providing the -stucents the possibility of explaining what they
- understood- about limit-of a function in case they did not remmeber a definition of
limit of a function. Accordingly, the structure was modified in accordance with the

" students’ suggestions and difficulties presented. As illustration, the students in the

pilot phase _ﬁ;i&l'difﬁ‘ch'lties‘ {0 ‘sketching ‘the’ graph of the function y=

Therefore [ changed the structure of the duestions. [ subdivided the question in two

x=-2




subquestions, -specifically 1 ask them to drawing the asymptotes, to finding the
intersections with the axis and then on the basis of the preceding responses sketching

the graph. In addition the pilot test allywed me to adjust the suitable time-duration to

solve the task.

A briefly analysis of the students’ responses to the pilot task led me to think that the
students’ concept definition of a limit of a function was an algebraic calculation, a
notation or an approximation and that they conceived of the limit of a function only
for discontinuous functions where the limit is never reached. For example students
said, “limit plays a role of an asymptote in the graph™; “a- limit approaches to a
interesting point, but never touch it’; “limit is a point, which the values of the
function approach but not equal ii”. Students seemed to have difficulties in changing
from one to another representation as welil. Thus, this information provided me with
some ideas about the possible student:’ concept definitions and concept images in the

second phase..
3.3 -THE STUDY -
3.3.1 Mozambicans schools and students

In the second phase a task was administered in two Mozambican secondary schools,

one in Maputo and one in Quelimane. These two schools were chosen for

convenience. | had already done rcsearch about the .teachers’ conception of the
concept of a limit of a function in voth-schools and I knew the director and the

teachers what would facilitate my work. -

.
by

Maputo is;the capital of Mozambiqu:, hence the:National Education institutions are
situated there and it is assumed that schools resources such as classrooms, books, and
other materials are easier 1o find there. On the other hand Quelimarne is a northern

city, -far from the-National Education institutions, where school resources are more




difficult to access. Both schools are situated in the city, and teach students from
Grade 8 to Grade 12. The students encompassed a range of ages from 17 to 21 at
Grade 12. “School A” (Maputo) had approximately 15 Grade 12 classes with about
forty students each and six teachers for these students. A class of thirty-six students
composed of twenty-two girls and fourteen boys took part in the study. The students
were registered in Group B, a science ccurse with the subject Biology. Many of these
students had difficulties with the Maihematics. However, there were also some
brilliant students in the class. For instance, one of the interviewees demonstrated
sophisticated concept images of a limit of a function. He was confident working in
any of the representations as well as shifting from one to another representation. In
addition, he coped perfectly with tae realistic task. “School B” in Quelimane had
four teachers teaching:10 classes with ubout 45 students each. Thirty-five students,
’thiny-two male and three female, of a class participated in the study. The students
were enrolled in Group C, which is a science course with the subject Drawing. The
students registered in this group generally performed well in Mathematics, Physics
and Drawing. Nevertheless, some studeats exhibited limitations in working with the
limiting process. All the teachers in both schools had the “licenciatura” (Grade 12

plus 5 years at a University).

In Mozambique the concept of limit of 1 function is first taught in Grade 12 and the
students have five mathematics 'esscns weekly. There has not yet been any

Mozambican mathematical study manuals or textbooks issued for this Grade since the

Eduardo Mondlane University issued onz in 1977. According to Huillet and Mutemba

(1999) this manual includes the form:I definition of the concept of a limit of a
function, theorems related to it and its proof, and a set of exercises that were divorced
from theory. In the interviews one out of nine teachers stated that they occasionally
used this hwnual for exercises on calculating limits. The school libraries were
inadequately resourced. However, sonie Portuguese books were available in the
schools or in the bookshop. In addition, there are other libraries in these cities, but the

students were not used to using these resources. Thus, the majority of the students
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relied: on their notes from the lessons and on tedchers’ worksheets or past

examinations papers.

One class in each school was selected by convenience to respond to the task. Since
the teachers influence the formation of' students’ concepts, my choice to administer
task in"two classrooms from two different teachers of different cities allowed me to
gather a broad range of information about students’ concept image and concept
definition of the limit concept. In the last phase 1 interviewed nine students, five in

Quelimane and four in Maputo that had completed the task.




"School A" | | School B
Maputo | Quelimane

) ]
L .
Grade, 12 teachers taught in September the subject |
“Limits of functions”, using usual methods conveying:
. theoretical representation
. humerical representation
. graphical r2presentation
. algebraic r2presentation

Researcher administered questionnaires in September/October
in one class in each school to check students':
. concept definitions
. concept images
. relationship between
the four representation -

L _

Reseacher interviewed 9 students from both scools to:
. clear answers of the questionnaire

. gain deeper insight into students’
undertanding

. use the information in triangulation

» Figure 3. 2: Different stages of the research

3.3.2 The task

The task in Annex A comprised questions on content taught to the Grade 12 students
at the Mozambican schools. In addition Question 5.2 had been related to their out of
school experiences. More exactly, a qucﬁslt'ioﬁ‘.'ihat expressed the behaviour of the
temperature change of a metallic bar removed from the fire, which is familiar to

them. The questions in the task aimed io help me answer my research questions. A




first trial of the task was done in Maputo in Aptil 2000 with some 1 year students
from the University and the piloting; phase in August in a school in Maputo.
Furthermore I discussed the questions with my superv:sor On the basis of this trial,
the pilot phase and.the discussions w:th my supervisor I modified the structure of
some questions, eliminating or adding sub-questions. For exarnple, Question 3.3 was

.. initial formulated as*“What ' does l_in}"j {x) =1 mean?” This formulation inhibited the

* students for offering their own ex"olanai'ion of the given notation. The majority of the
students merely wrote, *the limit of the function when x gets to 4 is equal to 17. They
did not explain what they understood ahout the notation. Thus I reformulated the

question to the sentence; “explain what Iin3 S(x} =1 means to you”. Question 6.1
. T

..-required: the students to construct a griph of the function y = and on review
¥ — :

" was divided into three sub-questions. The first, asking. the students to sketch the
~-asymptotes, ‘the-second to determine the intersection with the ax1s and the third to
:isketch the graph with help of the prev-ous responses The task was not anonymous

because.of the selection of the students for the interviews, but | made it clear that the

, :information would .be confidential. Th: research was conducted n September and

ir:Qctober. Initially I interided to administar the task outside of the mathematles lessons

.. In both schools. However in Maputo th- tcacher gave me the chance to do 1t durmg a
two-hour lesson. In Quelimane, fortunacelv, by the time I was there the teacher was
absent participating in a workshop and the task took place during. the mathematicﬁ'

- lessons. 1 talked to the teachers and the students ‘involved about the studyll,wa:s
undertaking and what I expected from them. I explained to them that my aim was to
understand how the students cope with the concept of a limit of a function using the
“different representatlons theoretical (definition), algebralc numerical and graphical,
In order to achieve this goal, a task and interviews would be undettaken to access
students’ concept ’ 1mages and definitions of the concept. I made it clear that the
interviewees would not. necessarily be the best students but those who gave

responses that mlght be deepened or txplamed so that T might bmld an accurate




picture of the students’ definitions and -mages: The writtén fest dale was set up with

. the mvolved students’ approval. o Lo e

The task | questions addressed students’  definitions - and " the shifts between
representations. They were developed s5 that [ could ascertain whetherf the students
held a static concept of a limit of a function or regarded it as a dynamic process; how
they cope with each representation :nd moved from one to another, and the
misconceptions that hinder them to undc:stundirtg the concept.

As Table 3;.1 shdiévé, the questions of the task were grouped in four sets. The first set,
that generdted the students’ concept definitions, was composed by three questions:
the deﬁmtlon sentences applying the terms tends to, approaches, converges and limit,

and e\(planatlon of 11m f(x)=1 (Question 3). On the other hand, the students’

’ concept images were drawn from questions of the following two sets of questions that

" related the different representatlons The second set included. the questions that

' related the ‘numerical representation to the graphical and algebraic representations,

- namclv Quesnons 4.2, 6.4 and 7.2. The third set consisted of questions that asked
i

from students algebraic: calculations or related their algebraic solutions to the graph

(Questlons 6.1,6.2,6.6, 6.7 and 7.3). Finally, the fourth set involved a question about

Ca problem of the daily life.

T able 3.1 Distributions of questions that evidenced the students’ concept definitions

" and concept images

C oneept image

.

i SN . .
- definition representation rep resentatlon representation

Q3 Q.63 Q. 42 Q. 6.1,Q.62

B . Q. 64 Q.6.6,Q.6.7

MQ 12,0 Q7L QT3

S

peseal:
Concept | Graphical Numerlcal Algebraic From context > 7"
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i+ . helped me to understand the role of lunguage (3.1

Tables of each set of questions wore built in order to seek regularitics and

discrepancies. These tables facilitated the materialization of the students’ concept

definitions and concept images. Some of the categories I used were taken from the

literature. I looked for students’ ex: pressions or strategies from the data that Jed me to

generate new categones so that [ coukl build a theory. Following is the rationale of
the items included in‘the task.

*- Question 1

With the general questions I wanted to find out what beliefs about Mathematics the

students held and how they prepared themselves for the mathematical lessons,

Question 2
DR

" 'From task and mtervnews that I have administered to Mozamblcan Grade 12 teachers
", in 1998 it was assumed that the les:

sons on the topic of limits of functions were used
essentlally to calculate limits algebraically..Both the definition and the tasks related to
everyday life were not usually dealt with in the classroom. Wlth thls question [

wanted to extract the students’ feelings about the emphasis of each representation in
the classroom.

: Question 3

It seems that'students have difficultics wth the definition. The answer to this queéstion

, 3.3, 3.5) .and miscoflcép!.ions

- developed frorﬁ everyday meanings for ome words (eg tends to, approaches) (3.4).

_Furthermore [ could identify whmh definition the students were more likely to give -

:the . formal defi mtaon w1th € -7 symbcls or a dynamlc answer. | extracted this

PO N vy "-'._s_-.\..




Question 4

The students normally use the mechanical substitution of the x value as if they was
working in a numerical representation and have problems transposing points to the
graph. The purpose of question 4 was to challenging the students (4.2(a)), seeing to
what extent they related the graphical representation with the numerical
representation and the definition of the limit of a function (4.2(b), 4.3). In addition it
might enable me to see if the studerts recognized the limit of a function as a dynamic

process.
Question §

The answer to question 3.2(¢) showed tne students’ proficiency applying the concept
of limit of a function in an unfamiliar situation. Furthermore the questions 5.2(a) (b)
(c) (d) enabled me to compare ther logical reasoning and the mathematical
procedures they used. The correct response to question 5.2(¢) could probably show

the students’ understanding that l_in:a T(t= T(6)

Question 6

The answers to this question gave' insight to how the students dealt with the
construction of a graph and if there was coherence between the answers on the basis
of the graph and the results of the calculation (6.1(a) and (b)). In addition I wanted to
véﬁfy if the students had an accurate notion of asymptote and how they tackled the
' rtotionl graphically, algebraically and numerically. In response to question 6.6(a) the
| 's‘tudents had to verify whether the number, which annuls-the denominator, was really
'an asymptote In addition the students demonstrated lf they recognized the

| asymptotes of the functlon S/ ( x) aml how' thcy related these llmlts (definition of

limits) to the graph. With' question 6.7 | wanted to ascert_am to what extent the




students recognized the asymptotes and dealt with the information of an unknown

function.

Question 7

The emphasis in most lessons is placed on algebraic calculation. Therefore it was
thought that students had few problems calculating the limit of a function. With this
set of calculations I wanted to observe how students iri general tackled the techniques
and how they dealt with the zero as rumerator and.as denominator of a function
(7.1(b) and (c)). Mamona-Downs (199() claims that the zero is-not a limit problem.
In question (7.2) the students’ ability to calculate -the limit ‘of a function and to
connect the algebraic representation with the graph'was most important. The varieties

of the limits calculations were taken out from the different-teachers’ work sheets.

. 3.3.3  The interviews

R ] H e
B A L

..iAhe nterviews were conducted during September and October 2000 with duration of
a half an hour, for each student, in the sfternoon in Quelimane and in the morning in
Maputo. Students in Maputo left their lessons while those in Quelimane offered time
- .. _after.school. In both schools théy took place in a classroom. I made an appointment
. with each student for the interview in :dvanced for an hour that was convenient for
. the student and for me. I told the students how long it would take and guarantced that
. .., the data will be used only for the study und their names would not appear in any case.
| :
. For the interviews I prepared general and particular - questions related to each
student S answers on thc task where the students showed the strategles used to solve
.., the tasks, so that I gamed access to the students’ thmkmg and a fuller picture o
iy, Clarify'certain aspects of the responses n the task. In the begmnmg of each interview

h,w . I tned to transmit conﬁdence to, the students asking them general questlons such as if




to be free to say if they. did not understand a question. I picked out the following

extract of an interview as an example.

I: “good morning”
P: “good morning”
I: “we did for two days a written test. How did you feel, were you confident
about what you wrote?”
P: “yes, I think I did well”
I: “do you like mathematics?”
P: “yes”
I: “which course do you want te follow?”
P: “civil engineering”
I “why did you choose this coucse?”
P: “because | like physics and miathematics”
I: “so, good luck, we will see us next year at the university. As I explained in
the first time with the interviev' I would like to understand some aspects that
was not clear in your responsus. Before, I want to say that you are free to

telling if you did not understan:: a question, so that [ repeat 1t”

Maxwell (1996) raises an issue relaced to interviews, namely the inaccuracy or

., incompleteness of the data. He added that to avoid these pitfalls and enhance the

... validity of the study the researcher 1night record or videotape .the interviews and
transcribe them. All but one interview in the study was tape-recorded. The reason for
not recording one of the interviews was that the researcher realised at the end of the
interview that the recording button ha:l not been pushed. This was the first interview
with Salimo, and my supervisor observed 1t. During the analysis of the interview, he
suggested immediately write down what I remembered about the interview. In
addition he gave me advice about some aspects to improve my interviewing. My skill
was improved whilst I interviewed the students. Throughout the interview I paid

attention to the students’ procedures and their,understanding of the terms used hithe

.




limiting process. The interviews were based on the questions' that"have not been
answered clearly enough in the students’ tasks. These included the definition of the
concept of a limit, the meaning of the lerms “tends to™, “limit”, “converge” and
“approach” as well as the questions rclating the three representations. In addition [

tried to understand which strategics the students used to move from one

- representation to other based on the task questions :and the justification of their

reasoning or how they had performed some tasks. I kept:notes made by the students

- for further analysis. Further questions ‘hat required the interviewee to discuss issues

they mentioned before were addressed 10 cach student, and ['took notes about the way
in which the students coped with the tazks during and after the interviews.

.

The tapes recorded in Maputo were :ranscribed immediately after ‘the interviews.

. Unfortunately, the same was not possible in Quelimane where I did not have access to

a computer. The main aspects of the siudents’ definitions and images emerged from

the interviews were briefly annotated atter the transcription' of the interviews. .

iy

34 ANALYSIS OF THE DATA

i*3.4;1 The tool used

ot

In'the analysis of my research I used a word processing program. The tape recordings

“* of the interviews were all stored in 1 file. Summaries’ and tables of the students

written answers were processed as well as the report of the study. This facilitated my

work because it was possible to moving words, sentences or paragraphs from a place

“to-another within the text, correcting spelling errors, sorting and retrieving data.

However, 1 did some activities withou using"the computer. For example, I coded the

written task and developedithe categories.




3.4.2 Analysis of the written respones

In this section [ will describe the procedures of the analysis of each set of written
__questions. 1 assigned a code, written n the left margin; to,similar responses from
students. I based the generation of these categories on Miles! (1984) work. Some of
the categories such as dynamic, boundary, and static were derived from the literature,
. While other categories such as notation. algebraic calculation, asymptotic, barrier and
formal definition ehlerged from the data. The analysis of the written responses was

. made according to the set of responses | mentioned before.

The students’ definition
... The definition of the concept of a limit of a function is influenced by the definition of
the terms tends to, converges to, limit and approaches to used herein. On the other

- hand an, explanation of the meaning of the notation lim f(x) =5 may reveal what

definition the students hold. Therefore, 1 analysed the'stu&ems"deﬁnilions, sentences
applying to the terms tends to, approashes, converges and limit, and explanation of

lin} J(x) =1 together. Firstly, | will explain how I analyzled the students’ responses to

the definition. My ini‘tial list of the students’ definition included eight categories:
notation, algebraic calculation, extreme, continuity, relation, formal definition and
.decreamng/mcreasmg function. Thes.: categories were reviewed after thorough
- scrutiny and a dlscuss1on with my supe:visor. In the second list the category ‘relation’
| was replaced by the category s1at1c because the isolated representation of that
. category was better descnbed by its static nature than a relation between the variables
x and f{x). In addition a new category, the dynamic category, was introduced 1o
include deﬁoitione using the terms tends to and approaches. The definition “I
understood that the.limit of a function corresponds to the value that the image of a
number x assumes when x approaches n‘f mte value on its left or on its right” was an
example of this category. In the fmal Inst ‘the deﬁnmons were divided into two main

categories: the static and dynamic calegories. The static category was sub-divided




into notation/algebraic calculation, boundary and formal- definition. On-the other
hand, the dynamic category includss the continuity and approach. In this list the old
categories notation and algebraic calcilations fused ‘together because they seem to
represent the same concept definition. As the analysis proceeded, it became apparent
that the evidence for some categories was insufficient strong and there existed some
contradictory evidence. In this case I rechought of the answers and placed them in the
existing categories or intreduced new categories where these characteristics best
matched. On the pther hand, due to difficulty with the English language, there were
some categoriesthat made sense in Poriuguese but did not have the same meaning in
English. Accordingly, some categories such as ‘extreme’ disappeared and other fused

together to produce new categorles ‘Bnundary and ‘approach’ were new categories

belongmg to the last list.

The data from this task was triangulated with data from the teacher questionnaire and

mtervxews conducted in 1988 and reported by Huillet and Mutemba (999). According

"o Mathlson (1988), tnangulat:on contrels bias of a unique source of, data and

establishes vahd ev:dence so that explanations of. the phenomenon can be

""constructed She added that the evidence might be convergent, inconsistent or

contradictory. For example the evidence sources concerning the students’ definition
converged to the category notation/ .algebraic ca]culatlons through triangulation,

Teachers dedlcated lots of time handling algebraic calculations. and questions about

'llmtts of functtons in the exammutlon pdpers only required algebralc calculations

(Hulllet and Mutemba 1999) Therefore the students concept deﬁnmon as a notation

or an algebralc calculation reflected their experience m the classroom.

Secondly, the students’ understanding of terms related to the limit eoncept (eg tends

' to) prejudtced the students formulatlon of the definition. ‘The first analysis of the

students sentences provided the following categones approx1mat10n direction,

constramt frontier, resemble, target, mclmatlon change, location and capacity. These

categories were refined throughcut the analysis and as result some of them




disappeared and others fused together penerating new categories. The final list

included the categories approach, cons:raint, boundary, tendency, direction, location

and aim.

Thirdly, the explanations of 1irr41 S(x)::1 were assigned to the.categories algebraic

calculation, equation, dynamic and boundary. In the first list I introduced the category
- reading, but it was ‘replaced by the category dynamic because in those explanations
the students used the verbs tends to and approaches that Highlighted a motion in the

concept.

"The shift from the numerical representation to the graphi:c’z'l:l and ‘a'lge'braic
"representations - ' o

Questions 4.2, 6.4 and 7.2 related the aumerical representation to the graphlcal and
algebraic representations, I looked for students’ strategles when’ performed these
- tasks. They used two strategies, one was the use of a formula and the other was a
looking for the behaviour of the function to guess its limit. In the fifst case the
students attempted to ﬁnd a formula. which help them to calculate the reqmred

questions algebraically.

The shift from the algebraic representation to the graphical represeﬁtation‘s‘

The set of questions that related the algebraic calculations to the graph (Questions
6.1, 6.6 and 7.3) supplied evidence of the approaches employed by the studéﬁts to
solve the questions. In the analysis | was concerned wuh the studcnts stratcgles for

transposing the algebraic limit results tc: the graph.

A TR 4_» f'l
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- Initially, the work on the represcm atior data produced the categories dynamic, static,

“ “value of a function and asymptote. In the final categonzmg the data were split into

" “dynamic and- static categories. The static category was subdivided into three

~1 categories, specifically, value of the function, boundary and asymﬁtote.




The limit in a context problem

The task included a realistic problem. For the analysis of this’ question I was
interested in the students’ ability to linking the mathematical procedures with their
experiences outside the classroom. It means, [ wanted to see how. consistent were
their concept images resulting from tlie given context and those resulting from the
mathematics. In addition, [ looked for the strategies they used to answer a question

that might be responded without resorting of mathematical procedures.
3.4.3 - Analysis of interviews

Nine Students were interviewed with the following goal:
P
-+ + to ascertain- what definition of limit of a function they held
-» to access the'students’ thinking about the concépt of a limit of a function
> "to observe tiow the students work on a representation and their ability to
move from:one-to another repri:sentation ‘
». todiscover other misconceptions that hinder the students’ iinderstanding of

the concept”

- The “interviews were audiotaping aad "were transcribed immediately. after the
-interyiewé or as soon as it was possible. To transcribe the tapes I used a word

' PTOCESSOL. Remé’rks I made during or after the interviews 'énql that made by the
:students were used in analysis. Firstly, the interviews were analysed one at a time,
. and then compared each to anothei. Similarities and differences were used to
"Cateporize the data. The students’ respanses were coded and themes and patters were

© - renerged throughout the reading and rz-reading of the transcripts and the notes. The

codes were written in the left margin of the interview transcripts. The emcrgcd
categones and relationships were addud to the already existed before the interviews.

Tables from the interviews were constructed, so that the categories come mtq sight.




These tables helped me to identify and interpret the students’ ability in working
within each representation, in moviny; from one. representation :{o another and

consequently the students’ concept tmages. \ ‘
‘3.5 ETHICAL ISSUES

Beforc and during the study I concerned myself with the ethical aspects of the
research. I took in consideration sorne aspects pointed by Bogdan (1984) such as the
identification of the researcher, the escarch procedures, subjects’ privacy and
confidentiality and not expose the subjects to harm. Accordingly, T asked the
pedagogical director of School A in Maputo and the director of School B in
Quelimane for permission to undertake my research. They were explained about the
~aim and the expected outcome as well as the instruments to be used in the study.
Then | was introduced to the two teachers involved in the study. 1 talked.to them
about my intention with the research and granted that their privacy and confidentiality
‘as-well: as of the students would not be violated. Mitchell (1992) raises the
responsibility of the Psychologists for 1he welfare of their subjects and protection of
+ . their human rights. Although the subjecis of the study were the students, their teacher
might be blamed for the poor students” performance. Thus, to keep their welfare it
was important to promise them the anonymity of the students in the report, but it was
. = not possible to eliminate the.risk that the students form opinions about their teachers
because of the issues they were not used to tackle in the classroom. The teachers
.-were present in the first time I met the srudents and the explanation about the research
- .purpose was repeated to the students. in addition it was explained that the task was
_not to evaluate their skills and would not be marked and did not influence their

»mathematics marks. The student‘s ‘participated ‘voluntary in the study. Although the
. task was not anonymous becausé of the further step of the study, I promised the
- students not using their names in the study report. - Therefore I used pseudonyms
herein. In the interviews I tried to assume a non- interventionist position, in order to

avoid bias in the data.




CHAPTER 4

DATA ANALYSIS: OVERVIEW

4.1 INTRODUCTION

In learning mathematics students are froquently faced with new mathematical objects
or processes. When they hear or think of a mathematical. object or process, they
associate it with other previous experieaces and cognitive constructs. In other words,
they associate them with mental pictures (Tall and Vinner, 1981), representations
(Douady, 1986) or facets (DeMarois and Tall 1996). Kaput argues that the process of
materializing these mental images relies on a representation system (in Dreyfus,
1991). When the student encounters a rew concept s/he forms a concept image of the
concept under consideration. Concept umages are the individual mental associations
someone makes to the name of the concept. Besides mental pictures related to a
concept, the concept can be specified using words. This is a concept definition of the

concept (Tall and Vinner, 1981).

In this chapter I will present an overview of the students’ concept definitions of the
concept of a limit of a function (Sect:on 4.2). In Section 4.3 I will concemn myself
with the students’ concept images and how they represent limits within the numerical,
graphical and algebraic representation.. Along with this, I will discuss the students’
ability to solve tasks modeling realits (Section 4.4). The aim of this chapter is to
portray the students’ responses to each juestion of the task and the interviews, placing
them in categories. within the notions of concept image and concept definition.
Furthermore, the analysis of the students’ work within the different representations

will produce concept images associated to cach representation.
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42 THE MOZAMBICAN STUDENTS' CONCEPT DEFINITION OF THE ~~™ """
LIMIT OF A FUNCTION

A concept definition is a definition, in words, created to specify a concept (Tall and

* Vinner, 1981). I categorized the students’ definitions of the limit of a function, given

in the task, into seven categories. Thesc categories emerged from the students’

answers to Question 3.1, that asked them to give a définition or an explanation of the

~concept of a limit of a function (sez Appendix A). Table 4.1 displays the categories

that emerged from the students’ answers to this question.

Table 4.1 Distribution of students’ conccpt definition

CATEGORIES S STUDENTS

Quelimane (35) Maputo (36)

No answer 7 : 12

STATIC Notation/ algebraic calculation 12 _ 13

Boundary 8 1

Formal definition

Continuity

Approach

An explanation including examples of tudents” work and a detailed analysis of the

" hature of the coricept definitions of these categories will be undertaken in Sections

4.2.1 to 4.2.6. As portrayed in Table 4.1 different studenis® concept definitions

emerged from the task, some of them incorporating a static character and others a

" dynamic one. The definitions classified as dynamic suggested an action, an idea of

movement of the points of a functlon towards a value. Most of the time this process

" was conceived as unﬁmshed Altematweiy, the static nature of the deﬁmtlons was

[“EDUAHD&?
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noticeable by the conception of a limit as the product:of-a process,.as-a fixed value
that is obtained through successive mathematical operations or:as a boundary. This
boundary might or might not be attaine:l. From the definitions with a static character,
where the limit concept was regardad as a fixed number, three categories, namely the

formal definition, boundary, and notation/ algebraic calculation were distinguished.

! 4:2.1 Notation/ algebraic calculation (NOT/CA): the limit of a -function is

limf(x)=A4 ora limit of a functicn is the substitution of the x value ini order to

.y

obtain the.y value.

Table 4.1 shows that twetve (16,9%) students from Quelimané and thirteen (18,3%)
. from. Maputo tried to use either thc notation or the algebraxc calculation as a

.deﬁmtnon of'the llmlt ofa function. Foi example,

“lim f (x)=1 means that certain values from - ® to 2, being substitute in the x

X2 ;

: place; might be after a solution equal to 1"

“limit of a-function is a method we use when we want to calculate a number, non

exact but approximated”

“limit of a function are limits that to evaluate we must apply rules, sinus, co-sinus,

tangent and cotangent”

. L 3=l o o
“limit of a function 1s llmw———l- _what means what is the value of this limit when x
1 Y 4

tends to infinity”.

“limit of a function is the value the function assume when x is attributed the value

"

x=a

EE I 19 hE I 1Y

The key words of this category were substltuuon attnbution”, “method”, “rules”,

. H— M "'»,5..1'

“evaluation”, “calculation”, “soluw ion’ and ‘number”’. These words were used within

_a context of algebraic calculation. The variable x of the function f(x) was substituted




“in the students ordering of -Question :

or attributed a value to which x approaches, then algebraic .prdcedur’e’s'usihg known

" mathematical methods (L’ Hospital, factorization; cOnjugété) and rules {cancellation,

notable cases, trigonometric ‘ideéntity) were undertaken to evaluate the limits and to

obtain a number as a solution. The last cxamiple démonstrates explicitly that the

‘students associated the limit concept to a manipulation of rules and procedures. It may

be that the prevalence of students’ concept definition as a notation/ a!gebraic

"+ calculation has its origin in the students’ practice in the classroom. The number of

limit calculations tackled and the time devoted to them in the classroom was evident
7 items. That is, ‘the students ordered their
activity from less classroom time to moce lime, as theory, application of limit in the

daily life, graphs and algebraic calculations. This is illustrated in Table 4.2.

.. Therefore, students spéht most of the time in the lessons, under the topic “Limits of

functions and Continuity”, determining l:mits.

Table 4.2 Students’ sc;il_é'of the time spent oh aspects'of the topic “Limits of

functions and Continuity”

Theory”

‘Calculations

"Problems

Graphic

" Q ~ Quelimane

M — Maputo

The table shows that the two groups agrzed that theory received the least attention and

-+ algebraic calculations the most, while everyday problerﬁs also received little attention.

Nohwifhstanding, the students' opinions diverged concerning the graphic




representation. Whilst the students fron.. Quelimane thought they had spent less time
.. with this issue, the Maputo students’ respenses seemed-to -attribute sufficient time to
it. In addition, Irene, a Grade 12 teacher, corroborated. the students’ view, when
interviewed in 1998 (Huillet and Mutenba, 1999). She stated that, "Now, after our
- talk, | see that it is possible to challenge the students with nice tasks relating the
different representations or exercises madeling reality. I have already seen some nice
problems in some books. Despite thai, | cannot waste time with those problems
because I must prepare the students for the national examination. There, the students
- are only asked.-to calculate limits". Nadine, another Grade 12 teacher added, "We do
not have enough time t_o-relate-!ima’ls of functions with graphs, the students must know
the rules and methods of limit calcularion” (Huillet and Mutemba, 1999). Similarly,
. Tall (1992) and Bezuidenhout (1999), among others, stated that many students prefer
algebraic manipulation in handling the limiting process. Accordingly,. it was
reasonable that the students conceived of the limit as a notation/algebraic

. calculation, an image with which they were faced with fi'equently.,

4.2.2 Boundary (BUN): limit of a fun:tion is the maximum or minimum value that
the function assumes.
The Portuguese word "extremo” signilies a line that marks a limit, a dividing line.
The studentsf. used it to mean the greatust or least value of the function. On the other
hand. the students held an ordinary sense of the term limit-as a barrier, a frontier, and
an end. They may think of a line, whi:h is impassable. This line can eventually be
reached but is not surpasseci, because it is the end, frontier or boundary. So they
transferred this non-mathematical lai iguage, or spontaneous conception (Vinner,
1991) of the word limit, to the classroom and defined the limit of a function as a y
value, which cannot be crossed, as a boundary: maximum or minimum value, which

. is meant as the greatest.or the least value of the function. The expression ‘last value’




of the function was common in the interviews. For ‘last value’ the students meant the
greatest or least value of the function. Figure 4.1 gives a picture of this conception.

&

/

]

/

4.1a) -
Figure 4.1 Illustration of the term ‘last value’

In Figure 4.1a) when the sequence of x values gets closer o 2 the matching sequence
of y values gets closer and closer to 5, reaching it. Alternatively, the limit of the
function in Figure 4.1b) is not attained. The sedﬁenc:é of y values approaches the limit
3 as a line that is never reached. Thercfore 5 and 3 were considered the last value of
the functions, the limits. Henceforth, the phrases last value, and maximum or

minimum value of a function will be used in the sense of the closest term below or

* above a boundary. Therefore the boundary might be regarded as a point (Figure 4.1a))

or as a line (Figure 4.1b)). The mental image of a limit as an unsurpassed boundary is
corroborated by Comu (1983), who claimed that most of the time the limit is viewed
as an “impassible limit”. I borrowed the boundary category in the analysis of students'
concept definitions from Davis and Vinner (1986) who used it with a similar
méaﬁing. In my stﬁ}dy, nine (11,8%) students held the concept definition of a limit as

a boundary. For example

“Limit of a function is the maximum value, where the function ends”

“Limit of a function is the limit maximum, where the function ends”




“It is the maximum value of a function if this function tends'to a certain value”
“Limit of a function is the number finite or infinite where the function attains its

maximum or minimum point”

What the students tried to say was presumably that the function couldn’t assume a
value that was greater (lower) or equal to this limit. It means that the limit is the last
valﬁe, the biggest or the smallest, that a sequence of y values might or might not
attain. This category is evidenced by the students’ use of the words “maximum and
minimum value”, “where the function ends” 1o indicate that the function did not go
further than this last value. To add to these two concept definitions, six students

concelved of the limit as a formal definition.
4.2.3 Formal definition (FD): definition with £ - & symbols:

It was not my intention to concermn myz:elf substantially with the formal definition.
However there was a notion of the £~.5 definition evident in at least six students’
concept definitions. These students attempted to formulate a formal definition, but

only one wrote a complete sentence:

“Limit of a function is understood s a point x = g in the interval of the domain of

the function, so that exists a number £)0 it is )a where f(x))f(a), so it means

limit of a function when x gets to 4 s equal to 4, 1. €. lim f(t) =A4"
X=

'

The other two students seemed to have heard about this definition, although they only

retained the syfnbol of quantifier, V' (pura qualquer que seja), and the £ symbol, as

we can see in their answers.

“lim f(x)=b,V)0"

E=r it




“lim f(x) = b ; para qualquer V"

Severino, the first student, remembered the number £ and the use of the symbol

greater than, but his definition is no understandable. The Mozambican syllabus

suggests the introduction of this topic using the formal definition at Grade 12, but it
calls the attention to the abstractness and the difficulty of this definition (Ministério
de Educagio, 1993). The Mozambican teachers rarely give the formal definition
because they are aware of the students’ difficulties. Severino"s teacher affirmed in the
interview with him that he did not give this definition to the students because they
would have two new aspects to undeistand, the new variables (& and §) and the
abstract language using ciuantiﬁers and those symbols. bther researchers have also
reportefi student difficulties with quantifiers and the £ -6 symbols. For instance, Tall
and Vinner (1981) and Vinner (1991) ascribed the failure to understand the formal
definition to the quantifier and symbols used in it. Accordlngly, it is understandable
that those students faced difficulties to recall this definition. Two other students gave
deﬁmuons mcludmg the words “interval” and nelghbourhood“ expressions

suggusted by Tall (1991) as showing the static nature of the 11m1t ofa functlon

"Limit is to calculate a value which is in the neighbourhood of a certain number "
- lelt of a functlon of a real variable dcﬁned ina closcd mterva] [c d ] where the

point a belongs toit: ¢{a{d"’

The sfu_dems’ words “interval” and “‘neighbourhood” insinuated that the distances
between the function values after a czrtain term and the fixed number a, are very
small, which seems an attempt to use the £ - & definition. These three categories all
descnbed concept definitions with a static character. Alternately, twelve (16,9%)
students’ definitions suggested a dynamic nature. Accordmgly, two other categories
were developed, the approach and the continuity. In the continuity concept the limit

was used as a tool to determine the continuity of the function. The motion idea of the




function points was noticeable in this catcgory by the use of the words continuous and
tends. Similarly, the concept definition, approach, contained the verbs tends to and

approaches, both of which give an idea o motion.

4.2.4 Continuity (CON): the limit of a function is 4. when x gets to a if it is

continuous at x =a.

One student assigned the limit as a way of analyzing the continuity of a function. The

translation of his sentence was:

~ “Limit of a function is a means of defining if a function is continuous. If the function

is not continuous the limit does not 1end to a real number on the right or on the left”

The dynamlc nature of this concept definition is substantiated by the motlon 1dea of
the words contmuous and tends to. The student who stated that the hmlt was a means
to examine the cont1nu1ty ofa function conceived of the deﬁmtlon of the concept ofa
hmlt of a functlon as a tool of solving pOsed tasks, in this case, the continuity of a
functlon Accordmg to Douady (1986) a mathematical concept is considered an object
~ whenits definition and proprieties ere focalized. For example, the limit is considered
. ’a' mathematlcal object in the case when its definition, the theorems linked to it, and
the rules and methods of evaluating a Jimit are leamt. Douady (1986) distinguishes
objects from tools. Tools are when we use a concept in the process of solving tasks.
For instance, we use the concept of a limit of a function to verify the continuity of a
function or to determine the-asymptotes of a function. The student had applied the
algebraic calculations of' limits to examine the continuity of the function and the
intervals where it decreases or increuses. Accordingly, it seems that what s/he
‘remembered about the topic !was where this concept was applied. This leads me to

consider an observation I have made during my lessons as a teacher. The students do

" not consider the theory important. For them what seems to be important is s how to

r (.- , gu:‘ \'r‘¢¥h r.
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apply the formulas in the practice exeicises. Besides this procedural aspect, other
students had the concept definition of a function as an approach towards a point that

is unfinished.

4.2.5 Approach (APR): the sequenc: of y-values approaches to b, when the

correspondent sequence of x-values gets closer to a.

As was said in Section 4.2.3, due tc the difficulties the students met when faced with
the formal definition, both teachers did not teach it. Instead,.they introduced a
definition, considering the limit as a dynamic process. As the examples portray eight

students tried to recall the learnt definition:

"Limit of a function are the values that the function more and more approaches to,
when the variable x approaches a"
"I understood that the limit of a fuaction corresponds to a value, which is an image

- of a number. x when x approaches « finite value, either on his right or on his left".

Eight students employed the term “approaches™ to assign a motion nature to the
concept. The additional expressions “more and more” emphasized this idea, and

conferred, in addition, a continual movement towards the limit.

Summarizing, the students’ definitions were divided into .two broad categories
including concept definitions that were dynamic or static in nature. The static concept
definitions were subdivided into three categories: the notation/ algebraic calculation,
the boundary and the formal definitior.. Their static nature was supported by words
that supposed a fixed number or value. or a distance. For example, the students used
expressions such as interval, neighborhood, maximum and minimum or last value.
Alternatively, twelve students (16,9%) defined the limit.in a dynamic sense, a

dynamic process where y gets closer and closer to b. The dynamic concept definitions




St

were approach and continuity. The verbs converges to, approaches and tends to used

in these definitions. gave the notion of something that moves-continually, which may

or may not reach the target. The expression ‘more and more’ in some of the

definitions stressed the idea of a process :n progress.

Y

Doing a simple count we see that, 33,3% of the interviewees conceived of the limit as

a dynamic process {approach), 55,6% as a static number (boundary or notation/
algebraic_calculation), and as points tlrough which the function passes (11,1%).

Besides the concept definitions a studen: holds, s/he develops concept images. in the

learning process and as a result of his (lier) own.experiences outside the classroom.

These concept images are evidenced by the students’ switch between the different
representations. Accordingly, in the next section, an overview of the students’ concept

1mages and how they worked with the different representations will be presented.

.43, 'THE - STUDENTS’ CONCEPT IMAGES AND . THE THREE
REPRESENTATIONS: ALGEBRAIC. NUMERICAL AND GRAPHICAL

; 4.3.1. THE STUDENTS’ CONCEPT IMAGES

Concept images are the individua! montal picture associations with a concept.

Dreyfus reporting Kaput's theory affinned that, “the act of generating a mental

i.... representation, relies on a representation system, that is, concrete, external artefacts

.- that-can be materially realized” (Dreyfus. 1991, 31). These may be words, g'raphs, and

... symbols. For instance, the concept of limit of a function may be associated with the

i . £ and 6 symbols (algebraic representation), with a curve (graphical representation)

.. 9na sequence of values of a function going closer to a certain value (numerical

;... representation). In addition, Douady’s (1986) definition of a representation 1s that it
.consists of mathematical objects; relations between them, formulations that might or

. might not be contradictory and mental'infages'dsscciated to these objects and images.




DeMarois and Tall (1996) used the woid facet and described it as “ways of thinking
about a mathematical entity and communicating to others, including verbal (spoken),

,,4wntten kinaesthetic (enactive), .colloquial (informal or ldlomatrc), notational
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conventions, numeric, symbolic and geometric (_v1su4!) aspects” (DeMarois and Tall,
1996, 298). The different approaches of teaching .a 'concept using diverse
representations helped the students to baild up a concept. Actﬁslly, the use of diverse
representations allowed the students to :inalyse the mathematical objects from various
perspectives, using different procedures, rules and methods because each
representation is associated with specific procedures and rules and highlights specific
characteristics r)f the gbject. However, the students may obtain different answers to
the same mathematical problem working within different representations (Arcavi,
Tirosh and Nachmias, 1989). It may be 2 point of conflict if a student holds different
images of the same mathematical object and recalls thsm simultaneously (Tall and
Vinner, 1981). This happened to a student, Gomes, who gave two different responses
to a questron about asymptotes of a function when workmg within algebraic and
graphrca] representatlons respectwely }{owever he did not notice the contradiction in
his responses. The representation systert is a device that influences how one’ s mental
lmagus of an object or process come into bemg (Dreyfus 1991). Moreover the
students abrllty to change from one representation to another relies on their i tmages of
the conccpt in consideration. That is why [ will discuss the two concepts
(representations and concept tmages) 'ogether in this section As with the concept
defmlt]on the students’ concept images were split into dynamlc and static images.
. These two categorles are the same a:. those used:in the a.nalysm of the students’
concept definitions. Students conjured up images when engaged with words related to
the limit concept. For instance, Cornu (1991) pointed to the expressions “approaches
but cannot reach”, “cannot pass”, “teads to” as cdnce'pt images associated with a
dynamic process of “getting close”. “growing close” or “going ‘on forever”.
Alternatively, the expression “limit” suggests a “boundary point”. 1 classified the

- concept images asymptotic and motion picture as dynamic images, and the concept




images value correspondence, procedural and barrier as static’ images (see Table

4.3):°[t is to note that the graph representing lim f (x)=3, a dynamic concept image,

interpreted a' boundary' concept definition, considered static, in Section 4.2.2 as well.
The reason for an apparent contradiction is that, whilst in the boundary concept
definition the asymptote represents a line that is never surpassed, in the asymptotic
concept image the asymptote represents a target towards the function continual

approaches.

The task and interviews evidenced thuse five essential aspects of the concept of a

limit of a function conceived by the stuidents.

" Table 4.3 Students’ concept image categories and the respective image

CATEGORIES STUDENTS

Dynamic Asymptotic : “tends to”

images

lim f{x)=5 | lim f(x)=3

x—2 X+

Motion picture Values of y going closer to'a point
lim f(x}=2.99.
lim f(x)=3"

X=»+




CATEGORIES STUDENTS o IMAGES

Static images | Barrier 6 1

lim f(x)=5

x=>2

Value -
correspondénce # T /

lim f{x)=3 lim f(x)=5

X—» +02

Procedural Working with algebraic

expression or regularity

4.3.1.1 Asymptotic: the limit is considered as a value that is never attained, as an

asymptote.

In Question 6.3 the students were iequired to give the limits of the functions
presented in a graphical representation. Among them, the graphs represented in Figure

4.2 were included.

A

/

a)
Figure 4.2 What are the limits of these functions?




A number of students argued that the limit in Figure 4.2a) was different from the limit
in Figure 4.2b). They stated that in 4.24) the limit was 3, but claimed that 3 was not
the limit in ‘Figure 4.2b), though in mathematical sense the two limits were equal. The
reason for rejecting the answer was that. “The limit is not equal to 3 because the
function approaches more and morc to this value but it did not assume it".
Alternatively, they said that the limit of this function tends to 3. Pedro stated in the

interview, "'This is not absolutely the value, it attains 3 by rounding it up”. Arthur
added; “The function approaches 3, does not attain it, so the limit is 3" Several

students used the symbol 37 meaning t1at the limit is not reached:

- It appears that the students’ concept image of a limit of a function is frequently linked
to the asymptote. Thexr COI‘lCE:pt]OI] ol an asymptote was a straight line (a point or
’ points) that was (were) not touched. 11 indicated that the graph approached this line
(point or pomts) but never touched it (them). Similarly, the ordinary word fends to
associated to the limit concept suggested an image of continual approach towards a

“value, that is neverteached. For examole, Pedro stated, that,

'
dor

“Tends to means that the values of the function.approach to a certain value but does

not attain it”.

"This assumption explains why some students tried to sketch.the graph given the

condition lin;n f(x) =5, with asymptotes (Figure 4.3).

Figure 4.3 Students’ sketches of lil‘l’21 J(x) =




As we see in the two examples above, v =15 is a horizontal asymptote, exemplifying

the limit lirrzl f(x}=5. Two other siudents considéred a vertical asymptote at
x=2 (Figure 4.4).

A

\2’

Figure 4.4 More student’s sketches of l.=rr21f (x)=5

. Other students used the symbols 2,99.. .or 3™ to suggest that the function continually
approaches an asymptote (Figure 4.5). In the last example we see evidence that the

.. limit was perceived as a process, that approaches a fix value. As an interviewee
- stated, “the function approaches 3 more and more, that is why I said that the limit is

2. 2,99..7

Figure 4.5 What is the limit of the function?

- Nino held similar. mental images for limits and asymptotes. Both being viewed as a
value or a line that the function continually approached. His answer to a question

about the role of an asymptote in the graph was, “An asymptote of a graph is the




maximum and the minimum value of a function (limit). Note that the function does not
attaint the asymptote, it assumes very close values’. Jodo’s response to the same
question also evidenced that the concepis ‘limit” and ‘asymptote’ a-re interchangeable.
He wrote, “The rofe of an asymptote is ‘o indicate the limit of a“f;ﬁc.r’io.n;’. In addition
the concept image of a continuous movement suggested by the verbs approaches,
tends to and converges misled the studznts to think that a limit demands a continual
approach towards a point. This would be an unfinished process and only possible if
there was an asymptote at that point. Therefore, if x is continually approaching 2,

y =5 might be an asymptote.

I suppose that the image of the limit as an asymptote m‘ight also, to some extent, be
attributed to the students’ practice in or outside the clas;érooms. I observed in some
teachers’ worksheets and the national examination from 1976 to 1998 that in each
question’ where a~"gréph was give;l to indicate the limit, there were @symptotes or

- discontinuities at those points. In these sheets of examination, the students were never

: " asked to indicate the limit of a continuous function. Wiltiams (1991) encountered this

* (limit-as an asymptote) -understanding of limits in-one college student studying
calculus. The numerical and graphic:l representations provided a similar concept
image, because both had a motion nature. However they were different, because while

in the previous category the function approached infinity, the motion picture category

included limits where both variables approached finite values.

4.3.1.2 Motion picture: as x gets to ¢ the corresponding values of the functions

approaches b indefinitely.

Five students held a motion picture :ohcept image of the concept of a limit of a

.- funiction (Table 4.2). For instance, some of them used the term approaches to ot tends

. . : v . . [T
to; to answer the question “what happins with y when x-approximates to 1,5?" in the

numerical représentation of Question 4:2. To justify his. limit result of the function




represented in Figure 4.6 in the interview, Pedro affirmed that, “The limit is 3 because

the values of the function approach riore and more and attain the limit 3”. This

demonstrated that the student held a concept image of the limit as a movement

towards a point.

/

Figure 4.6 What.is the limit of the function?

Most of the time, limits of constant functions as x tends to infinity (Figure 4.6) or

functions of. the type lim f(x)=b being ¢ and & real numbers represented

- graphically, provided contradictory responses. A few students (7%) regarded them as

.. an approach to a value, and used the verbs tends to and approaches to to infer a sense

of motion or movement. These students were classified as having a motion picture

.concept image. Alternatively, other siudents rejected the dynamic image of limits
*.when working with a limit to infinity of constant functions or a limit of a continuous

- function. at a point, rather they issociated it with a static image, value

correspondence. Besides the value corr espondence concept 1mage the students

 -developed two more static images. bar: ier and procedural images.

4.3.1.3 Value correspondence: the limit is a y value corresponding to a x value.
“Normally it will not be attained but occasionally 1t may. “The- symbol

sometlmes means equal lo and uther times very close.

Some students papers led me to think that they considered the Ilmlt as a value of a

funcnon Accordmg to the studunts the l1m1t of a constant functlon mlght be




assumed. Alternately, the limit of an increasing or decreasing’ function with a

horizontal asymptote is not attained. It appears that in the first situation they evoked a

“ mental image of a constant function as . constant value of a-function for all x values.

The limit of this function is a constant because it belongs to the range of the function.
Differently, the value of the horizontal asvmptote is not reached. Therefore it is not
the limit because it does not belong to the range. For instance, in Question 6.3(b), the
students were required to indicate the limit of the function with a horizontal

asymptote y = 3. Some students wrote that the limit is 2,99... to show that the himit

was 2 value of the function. Similarly, Ben and Bertino stated in the interview, “the
function tends to 3”. Alternatively, in Question 6.3(d) given a graph of a constant
function Bertino replied, ““ / think that here the functi’oh does not tend to, but.it can
reach the value 3. It does not tend to 3 but it is equal to 3”. In addition, Aldino

explained that, “the limit tends to 3 because the graph does not attain the limit 3, it

* tends to, approaches-tke limit 3 and never touches it. While in the last case, I said
. . that the limit is 3, because the graph eids exactly in the value 3”. For these students
....the function in Question 6.3(b) dynamcally approaches the limit but does not reach
.. . the value 3, while in Question 6.3(d) they did not.consider that the function also
.. approaches the limit. Their sentences -tressing that the function did not tend to, but
... simply equals 3, showed once more that the students associated the words ‘tends to’

...-to motion. Accordingly, these students held the correspondence value concept image.

..+ This means that the limit is a value that the function must assume. In the case of a

horizontal asymptote, the limit might be a closest value to the value of the asymptote

that the function attained.

:4.3.1.4 Barrier: the.limit is greater or lower than all values of the function

The Portuguese term “limite” (limit) most frequently brings to mind a boundary point

B
e
[

: . b _ _
or a boundary line. For the students, mathematically this boundary image was a value,

which can, be greater than or less than all values of the function. According to their




sketches .the limit is never attained. This distinguishes this category from value

correspondence (Section 4.3.1.3)

/]

d)
Figure 4. 7 Sketches of lin}f(x) =3

As we see, the students attempted to Jraw graphs where all values of the function
stayed within the limit of the function. The function in the first graph assumed the
value of the limit, but all values of the function stayed within this limit (Figure
4.7(a)). It means that the barrier was aitained. In all other cases the limit is not
attained. Although there was no asymytotes in Figure. 4.7 (b), the sketch suggested
imaginary asymptotes (both horizont:l and vertical) as barriers. Alternatively, it
appears that in Figure 4.7 (¢) the student thought of an interval that limited the
function. In Figure 4.7(d) the student traced a straight line and marked the point (2,5)

off but very close to the line, to show that it is a barrier. However, due to other




 shortcomings, namely a failure in comparing the cootdinates of two points, he did not
notice that there were some points of the function greater than' 5. Gomes who drew
the graph in Figure 4.7 (e) stated in the interview that the point (2,5) did not belong to
the graph because 5 was a barrier and the function did not reach it. In the interview
Pedro, also holding a barrier concept image rejected his answer to Question 6.3(c).
~ He justified his réjection saying that zero could not be the limit becatise some values

of the function were greater and some smatler than the zero (Figure 4.8).

Figure 4.8 Question 6.3(c) What is the limit of the represented function when x gets
bigger?

4.3.1.5 Procedural: the limit concept i encapsulated in the mathematical procedure

and rules.

" The task revealed that the students tequently associated the limit to algebraic

E m'anipulatioﬁ. Their concept image of a limit as a procédural method was
substantiated by the students’ need of analytic functions where rules, formulas and
procedures were applied. The students work in the different representations provided
evidence of the dominance of the proccdural concept image. In the task, most of the
students resort to algebraic calculations to respond to questions given in the numerical
" or graphical representations (Questions 4.2 and 6.4). For instance, they attempted to

et a formula of pairs of values to indicate the limit or to complete tables of values

" Whe they were given a graph,




Concept images: may be discerned as vne works in the different representations.
Therefore the analyses of the tasks that associate the representations allowed me to
compare the representation form with the concept images. The student’s work in the

different representations and the concep images produced by the strategies used to

solve the task will be focused on in the next section.
43.2 THE REPRESENTATION SYSTEMS
4.3.2.1 NUMERICAL REPRESENTATION

The task contained two questions using ;1 numerical representation. Firstly, Question
4.2, where the students were asked to indicate a limit given a table of values of a
linear function. Secondly, Question 6.4 where the students were asked to complete a
table of values of a function given its graph. The students used either a formula or
looked for the behaviour of the function t> give the limit. However, for a considerable
number of answers, 43,7% in Question 4.2(a) and 49,3% in Question 4.2(b), I was not
able to determine which strategy the students used because they merely gave the
answer without any calculation or exwlanation. The summary of the students’
strategies in the question is presented in Table 4.4. The table shows that the majority
of the students (50,7%) did not attempt to cdmplete a numerical table from a given
graph (Question 6.4), while 9,8% were not able to indicate the limit in the table in
(Question 4.2(a). In addition, only 14 (19,7%) students correctly responded to
Question 6.4 There were also 33 (46.5%) and 37 (52,1%) correct answers to
Questions 4.2(a) and 4.2(b) respectively. It appears that the numerical representation

caused lots of difficulties for the students.




Table 4.4 Students’ strategies used to respond the numerical Questions 4.2 and 6.4

[N T
Pen .

" Students’ strategies Q4.2 (a) - Q42 - Q6.4

No answer - 7(9,8%) ©12(16,9%) - 36 (50,7%)

Formula - 24 (33,8%) 14 (19,7%)

Look for the behaviour of 33 (46,5%) i 21 (29,6%)
the points on the table or

graph

No explicit strategy can be 31{(4%.7%) 35 (49,3%)

seen in the written work

... Responses to Question 4.2

. .The students were asked to determinc a limit of a linear function represented by a
. table of values. Less than half of the students correctly answered the two sub-
e questions. To solve sub-question 4.2(a+ some students looked for the behaviour of the
s func:'ti:or} and indicated gither a value or the behaviour of the function. Thus, they

ajns@ered that the function increased >r decreased. None of the students considered

the. two-sided behaviour of the function at the given point. Pedro declared in the

N ilntejjview that he got the value 0,5 by seeing what happened with the y values as the x

~values increased. He was not concermed about the behaviour of the function when x
decreased. Alternatively, for sub-question 4.2(b) 33;,8% of the students did not read
the result directly from the table (Table 4.5). They shifted from the numerical to the
algebraic representation before indicating the limit. Accordingly, they tried to find a
formula on the basis of the given pairs of values. The obtained limit did not fit with

the values of the table in some of the cases. For example, some students wrote:

lim £(x) = f(2) =2

lirrzlf(x) = linr%f(Z) & h'rr210.2 =0.




Alternatively, three other students wrote the limit correctly, even though they were
different from the limits of the chosen analvtic expressions. Examples of the students’
inferred formulas were: y=14x and - =2x. The limits of the supposed functions
were different from what they wrotz as the answer to the question. It seems that they
held the procedural concept image. bul they probably noticed that the limit of those
expressions did not fit in the teble. Consequently, they decided to keep both
responses. Likewise, in the interviews more then half of the interviewees (62,5%)
attempted to find an expression or regularity and then evaluated the limit to answer
this question. The remainder based their approach on the dynamic nature of the points

to find the limits as following protocols showed,

Arthur: "I found this value because [ saw that as x comes closer and cleser to 1,5 the

y values approach 0,5” (pointing the left side of 1,5).

Bertino: “ok, here to evaluate the limit of the function, firstly I had to have an
. ~expression of the function. It means I had to determine the value of the slope. 1

substituted the values of the coorlinates in the general expression y=ax+b and

determined the coefficients « and h. After having the expression of this function ]

evaluated its limat”

The first protocol suggested the motion picture concept image, where the approach of
the x values towards 1,5 implies the inove of the y values towards 0,5, therefore a
dynamic concept image. The second example showed the students’ inability to
indicate the limit in the numerical representation. He resorted to an expression to
work on, showing in that way the ability of translating from the numerical to the
algebraic representation, since he felt more confident evaluating limits algebraically.
This act evidenced the predominarice of the procedural concept image. Consequently,
the numerical representation as a way of determining limits was avoided by the

excessive use of the procedural concept image.




Responses to Question 6.4

In Question 6.4 the students were requested to complete a table of a given graph as

accurately as possible.

Figure 4.9 Graph given to complete a table

A few students (18,6%) completed the table correctly. They might reasonably
evaluate the values of the function evoking their motion picture image. Here again, as
Table 4.4 portrays, another (19,7%! students attempted to find an analytic function to

log x

help them to complete the table. For =xample y =3x, y=5" or y= . As a

X -
result the deduced values were greater than its limit, however those students did not
notice this. In the interviews similar strategies were developed to fill the table.
‘Actually, half of the students tried to find an expression or regularity from the values
of the table as evidenced in the transcript of interviews with Bertino and Humberto. It

seemed that the procedural image of the limit concept was strong in these students.

I: “which strategy did you use to complete this table?”

B: “ahh, to complete the table? My analysis was that when x is 1 the y is equal to- - -

zero. Then I saw that it differs ‘Fom one unit. Then if x is 1 y must be 2, when x is

equal to 100 y is 99, when x is 000 y is 999 and so on”.

I. “explain how you werc complet:: the table?”
H: “my idea was the following, [.do not.know if it is correct. With these two

columns I did not know how to do, but from here I used the following principle.

[ 4

. %




We had 10, so 10 squares is 100, then we have 10000, I see that it could be 10

power 4, and here could be 10 power 6”.

Despite Bertino’s incorrect answer, there was no contradiction between his .answer
and the limit he indicated for the function represented in the graph. His answer about

the limit of the function was:

“The limit of the function is infinity, because as much as we approach the infinity,

we do not arrive anywhere”. (He peinted the x-axis)

For Bertino the limit of the function rcpresented in the graph was infinity, what he

meant by “not arriving anywhere”, was:

“Here this function began in minu: infinity, it has a horizontal asymptote in y =3,

it does not pass through 3, but it goes to the infinity”

This failire was most likely due to his onfusion of the ¢oordinates of a point. When

~‘Bertino said, “As ‘we approach infinity” he was thinking of the x values, but the

conclusion 'was erroneously made in relation to the x-axis. Similarly, Humberto

" considered the y values to indicate where the function began and where it had an

asymptote. He stressed that the function did not pass throughi this value. Nevertheless,

" he added that the function went to infinity. In the last statement he was working with

" the x'values.

" The students’ statements exemplified tnat the numerical table and graphical task did

not stimulate the students’ moticn p.cture concept image rather they needed an
expression to solve the task. This means that by relying on the algebraic calculations,
they were invoking a procedural image to answer the question. In addition, Furina

(1994) outlined that the students consider the results of zilgebraic calculations as




“real” or firm, whilst numerical result:. are considered as being partial or tentative

evidence.

Forty-six out of seventy one students lelt the numerical task blank. When the students
worked on a numerical representation, they usually substituted a x value to obtain the

y value using mathematical rules and procedures, also an algebraic calculation. In

addition if they have to indicate a limit of a function on the basis of a numerical table,
" they tried to find an expression and from it evaluate the limit using the different
methods. It seems that they felt mere comfortable working with the algebraic

representation.
4.3.2.2 ALGEBRAIC REPRESENTATION

In this section I will analyse the students’ answers to the algebraic tasks looking for
the used strategies. In addition I am interested in the concept images that directed
their algebraic manipulations. The student’s concept image of an algebraic calculation
appears to have become a standard procedure for evaluating limits. This procedure
involves formulas, methods, rules that must be applied successively no matter
irrespective of an indeterminate form. Accordingly, I classified this conception as a
procedural concept image. In the algebraic calculations (Question 7.1), with
exception of the tWo last exercises, the students attempted to compute all other limits,
despite their difficulties with the mathematical rules, the methods and the
indeterminate foﬁns. The different methods and the mathematical rules and

procedures of evaluating limits caused them difficulties. However, the major problem

lay in the disassociation between the mechanical calculations and the limit concept.




4.3.2.2.1 Students’ algebraic manipulations

Although the algebraic manipulaticn 1s not central to my research I have chosen for

completeness to include a brief discussion of the students’ manipulation strategies.

Factorization

The students were asked to evaluate the limit lim (x2 —-3x —4). Artur was asked in

R

the interview to justify his answer. He said.

A: “I'replaced the infinity and [ obtained co —0 -4 =™
I: “but, is © — 00 not an indeterminate form?”
A: “no, because the first term is squared. is bigger than the second one, which is three

times infinity. So the limit result is plus infinity”

Some students had difficulty imagining the difference between the infinities resulting
from the substitution of infinity in the terms of the polynomial. Their concept image
of infinity is a very big number with nc degrees. Thus, they considered the difference
as an indeterminate form. To evaluate the limit they used different strategies.

Examples thereof are:

lim (x? ~3x-4)= lim [(x = 4)(x +1)] = +00

X—p 4o "

A=+ A= +m X X 2 X—b+e0

lim (x* - 3x—4)= tim[xz(l-i- 4 ]x lim x? = +o0

Some students employed factorization to evaluate a limit in which the indeterminate

form was [%] [ was not able to determine if they substituted the variable x with

infinity because only a few students wrote the indeterminate form. In my lessons, I

observed students who were not used to writing the indeterminate forms or even




resolving them. Alternatively, some students did it mentally (eg’ Gomes) or in rough

copy (eg Pedro). In the interviews they explained,

I: “why did you factorize her?”
G: “I didn’t write but first [ did the substitution and 1 got the indeterminate form —0—,

which requires a factorization™

. 0
P: “here we get an indeterminate of the type o’ therefore I factorized the terms of the

fraction”
[: “how do you say there is an indeterminate?”

P: “I substituted in the rough copy”

An example of students’ factorization 1s

lim > —25x+6 = lim (x=3)}x-2) i (x=3) :_l
=2 xt -4 =2 (x—-2x+2) =1(x+2) 4

The image of a factor that is annulied by the value 2, and therefore cancelled, directed
‘them to factorize the terms of the function. Some students’ incorrect factorizations

Were:

x2=3x+6=x(x~-5)+6

xP=5x+6=(x+3)(x~2))




Division of the terms of a fraction by the same expression
A few students divided the numerator and the denominator of the fraction by the same
expression. It seemed that these students did not substitute the values 3 into the

function. lllustrations of the students’ cualculations are:

In thc penultlmate step of each evaluation the students obtained the same results as
when they substitute immediately the values in the functlons This was the reason that
leads me to think that they did not substitutc the value before. Students common

CITors was:

They conceived of the image that the quotient — was always zero independent of the
¥

approaching process.

L’ Hospital rule

Three students’ émployed L’ Hospital rule to evaluate the limits with the

indeterminations [g—] and [E

} as shown in the example.
o0

. xP-5x+6 . (x*-5x+6) . 2x-5
lim————=lm———— =1 =——
T S, x=2 (x _4)‘ 32y 4




Application of the conjugate:

The factor x -9 is divisible by the rerm ¥ — 3. Therefore, there exits an expression
that multiplied by Jx -3 is equal ‘tc- x-9 -, name]y‘ \/; +3, which is the conjugate of
Jx =3, The students multiplied both terms of the fraction by vx +3 as thé example

portravs

i Xm0 o o) x43) L (e-9Wx+3)
VR ] ey e By (o

6

Substitution of the variable

With the aim of eliminating the radical, some students substitute the variable x by
éqptherlvgltiable. This procedure implies the change of the valge to which the fth‘:tion

| !tends. A;.s_tudent’s evaluation of a ]imit. :‘lpplying the substitution méthod is presented

bglow.

A common mistake was to keep the new variable ¢ tending to 9.

The identity lim (1 + 1] =e

X400 x

Some limits, with indeterminate form l]“’J, were evaluated with the help of the

identity lim (1 + l] = ¢e. An example of a student’ s work is:

Kb 400 X

1 Jr 1 x 3
lim(l+—] = Iim[[l-{-m] } =g’
K=+ X X—b+o0!




¢ number formula

A formula, without any explanation about its origin or deduction was taught, to

evaluate the limit lim (f(x))**" with tle indeterminate form ll"’-]. To calculate this

. . X lim | fexi-1)g(x)
limit the formula lim (f(x))8" = er 5]

Nap4d

was employed. An example thereof
x 1 £
1 im | 1 [ lim ——
] = e'l*""[[ 2o ] ] =g =g

In the algebraic manipulation, handliny; zero or infinity as a term of a fraction is a
challenge for the students. It seems thai they rote-learned the results without thinking

about the reasons behind the r:zsults. For instance, answers such as

a ) ..
.= a,— = a were «ommon in the task. In addition, almost all the
w -

students did not use the sign plus or-minus before the infinity (¥ ® OF - ® ) gyinbols,
when they calculated the limit of a quotient whose numerator was a real number and
denominator tends to zero. They did not take into account the sign of the
denorninator, which is actually a positive or negative number véry close to zero and
not equal to zero. Their algebraic calculations, the substitution of the x value into the
function and the successive applying of ruies and procedures, were divorced from the
limiting process. Only eighteen students, half from each school, used the positive or
negative signs but those who were interviewed gave an incorrect justification. One of

the students’, Gomes, choice of the sign was determined by the numerator.

I: “you have this result, infinity. Is it just infinity”
G: “no, it is plus infinity”

I: “why is it positive?”

G: “because the numerator is positive”

I: “and if we had a negative numerator?”

G: “it would be minus infinity”




Alternatively, for Pedro it depended on the side from which the limit approached.

. . 2 - .“ (5 BA
[: “what was your result for lim — 3 ?
=3t X -

P: “I obtained infinity”

I: “just infinity?”

I: *infinity, without any sign?”

P: “ah! It is positive”

I: “why positive?”

P: “because the variable x tends to 3 on the right”

[: “and what would happen if the x tended to 3 on the left?”

P: “the sign would be negative”

Despite the difficulties in applying the mothods and in mastering the algebraic rules
and procedures the students attempted 10 evaluate the limits. The major problem was
in understanding the meaning of the obtained results. For them the limit result was a
‘number, which had nothing to do with the limit concept. The following extract of an

interview elucidates this claim.

I: “which difﬁculties did you face with the limit concept?"

H: “this was the most difficult topic in Grade 12. It appeared to be simple but it
requires greater comprehension ',

I: “and wéuld you explain the probiems you faced?”

H: “the pro.blcrn [ see, I think we¢ had to have a worksheet with the methods and
formulas to evaluate the limit. se that we can look and see which method or
formula we had to a;:iply in each case and then evaluate the limit”.

I: “ok, but if you had the method and cvaluated the limit correctly, for instance if you
had this iimit result, do you know what this result means?” _

H: “yes, that T know, if I have for instunce 2 as a result it>meéns that when it tends to

3 on the right or on the left it-will always be equal to 2”




I: “and in this case?” _
H: “in this case the limit of the function when it tends to plus infinity will be equal to

plus infinity”.

The student simply read the limit without any understanding of its meaning. On the
other hand, he argued that the problems he encountered conéerning the limit concept
were only related to algebraic calculatinns and regretted that a worksheet that guide
the students to solve the limit tasks algcbraically did not exist. Thus, he encapsulated
the limit concept in the algebraic calculations. This is evidence of the dominant
procedural concept image among the students. However, when the students were
asked to change from the algebraic represcntation to the graphical 6ne, other images
such as asymptotic or value correspondence (Questio;l 6:7(3) and 6.7(b)) were

evoked.

' Shifting ’frqrfl;ihg' algebraic representation to the graphical repr"e‘se'ntation the students

‘were ‘téquired ‘to deal with new aspests that belonged to this representation, for

" “instance, the ‘variation of the coordinates when a point ‘moves along the curve. The

students must use new strategies to tdeal with these aspects, and it consequently

" enhances the development of their concept formation. In addition the algebraic limit
* restlts may be sustained by the visualization of a graph. The next section will give an

- dverview of how the students elaborate the task within the graphical representation.

4.3.2.3 GRAPHICAL REPRESENTATION

* Using the graphical representation for limits allows students ‘to illustrate their
" -understariding of the meaning of the limit resulis and the implication of the symbol

" x> a. Secondly, analytic results may he supported graphically. In spite of their

“confidence wotking with the algebraic representation, the chiange 1o the graphical and

numerical Tepresentations challenged the students, and 'sometimes produced

L




contradictory responses for the sarae attribute. For instance, Pedroi-working in the

algebraic representation, when asked -o explain’ what he ‘meant’ By tim f(x) =1,
. . x4

rephed that, “When x approximates to 4, y approximates to 1, it cannot be equal to

1”. On the other hand, he stated that the limit of the function, in the graph represented

in Figure 4.10, when x gets to infinity i- equal to 3. .

/

Figure 4. 10 A graph to indicate the limis

... Accordingly, he obtained different respenscs to similar questions. The limit might not
-1 be attamed in the algebraic repraseniation, while it might be attainable in the
- graphical one. The student might recall the limit through an asymptotic concept
15 image, which cannot be reached in the first case and as a value correspondence image
;i~-.+:0 the second one. This is an indication of the compartmentalization of the students’
~: . knowledge. . . Vinner and Dreyfus {1989) assigned to Vinner, Hershkowitz and
.. Bruckheimer. the introduction of ‘he compartmentalization phenomenon, a
phenomenon that “Occurs when a perion has two (ilit}:qrcnt, potentially conflicting
schemes in her or hi§ cognitive structure”. (p.l,357j.'Hq gdded that. besides the
compartmentalization another reason [or the inconsistency might be the fact that a

.- given situation. did not stimulate the 1nost relevant sé;heme for the situation under
r:,f.:i,i,gqns_i_dqraliqn.,Thgrefdré, irrelevant .schemes for the given situatioﬁ_ are evoked. The
', compartmentalization of the .representations might!,be the cause of students’
.y 1difficulties; in. transferring an algebraic result of a limit of a function to its graph. A
..considerable number (65,3%) of >tudums did not answer Question 7.3. Only six

et N :,q'l!
students, two from Maputo and four flom Q’{Jelxmane sketched the graph correctly.

—




Among them all but three used other information such as the zeros of the function, the

. T . o . x+2 :
ordinates in the origin, but did not use the result of hm as was asked in the
=3t x —

~

question. Humberto, who sketched the graph correctly said in the interview,

“So, to sketch the graph I thought nat. as I have x fen'ding to 3, 3 is the x value. The
limit is infinity that means the y gets to infinity. So this is possible only in the case

there is an asymptote”

On the other hand, Pedro stated,

1ar

~*As I'have here, when x tends 1o a real number, 3 in this case, the limit is inﬁriity, I

. have an asymptote, because as closer as the x approaches 3 the function approaches
& infipity” - - |
..., Both- students demonstrated .a-consistent. behaviour.between the algebraic. and the
+ - graphical representations. They elaborated the task recalling suitable concept images.
. Altematively, the majority (76,9%) of the students that tried and did not accomplish
the task tried to plot the, points obtained in the table completed in Question 7.2, but

~ they could not draw the graph bzcause of difficulties they encountered with the
symbol + oo matching the x value to 3 (see Figure 4.11). They might have imagined
that x =3 did not belong to the domain, that is why they interrupted the curve in the
neighborhood of x =3, but they did not associate this fact with a vertical asymptote.

Therefore, they held an incomplete asymptotic concept image.




.

3
I~

Figure 4.11 Students sketches of lim f(x) =+

=3t

Pedro, trying to overcome the obstacle e cncountered with + oo, argued, “The graph
of a sequence is defined through points”. With this justiﬁcatién he plotté& the poih'ts
a w1thout Jommg them to obtain a curve. He was aware of the 1ncon51stency between
. Jommg pomts and the Timit being infinity as x tends to 3. In the same way, the
majority of the students failed to graph an algebraic result or a ‘numerical table
containing infinity. Rather, the studznts were used to calculating limits in the study of
.iCharacteristic points of the function, but they did not use those results when they drew

» the, graph. To elucidate, very few students attempted to solve Questions 6.7 and'7.3,

.and among them only a small number accomplished them correc';:t.ly. The grabh in

. .Figure 4.12 showed a contradiction with the resultant limit.

I

Figurc 4.12 Flgo s sketch of lim f(x) = +o»

=3

Figo’s algebraically determined Tt was positive infinity. He may have known that

when the variable x gets to a real number and the resulting limit was infinity there was




. a vertical asymptote at that point. H2 drew the vertical asymptote properly and
sketched the graph approaching the asvmptote. Hovi'fever', he drew the graph on the
left of the asymptote, instead of drawing it on the right as the task asked. This
student’ s concept image of the limit was asymptotic, but he did not cope with the
Jateral approach of the graph to the asymptote: The students’ paftems of sketching

graphs given limits of functions are summarized in Table 4.5.

Table 4.5 Graph sketching incidents and possible reasons for the students’ errors.

Question (ncidents . N. of students

| lim f(x)=3 | Horizontal asym[a_t-ote N V)

Constant function ‘ 6

f(3)=0 and vy increasing. to infinite 5

positive

3

No answer

7)< 5and/(2)7 0

curve passing closer to the point (2,5)

vertical asymptote: x=2; horizontal

asymptote: y =3

f{(2)=5 is a point of the curve

f(2) = 0 and horizontal asymptote: y = 5

No answer




Question [ncidents N. of students

lin‘q Sf(x)= - | Vertical asymptote 7

S(}=0 and y decreasing to minus 10

infinite

Horizontal asyniptote

X -

No answer

Iim f(x) =+ lirg S(x)=+o and lirBu f(x)=0

X430

y-— +© wheny o 4+

No answer

1

The 1able shows that a considerable number of students were not able to graph given
information. The high number of students who ga\‘/e no answer demonstrated a
general inability to translate from the algebraic representation to the graphical one. In

the first example, lim f(x)=3. 16 students recognized either the horizontal

asymptote or the constant function in infinity. Their sketches suggested that they
understood the symbol x — +oo and they mastered the changes of the coordinates
when a point of the graph moved. Aliematively, five students considered S(BH=0
and made the y increase to infinity. They did not notice that there existed a horizontal

asymptote at this point and they changed the coordinates. In addition, two students

also drew the graph as it was shown in the table.

In the second "example lin21 S(x}=5. thirteen students regarded a limit as an

asymptote. Consequently, they sketched asymptotes, either horizontal y=5, or
vertical x= 2, or both asymptotes. Altcrnatively, other students considered the point
(2,5) not belonging to the curve.and'plo:tte’dﬁthe:p'birit and drew the curve not on this

point (see Figure 4.13)




Figure 4.13 Illustration of Alda’s graph holding a barrier concept irnage.

It 1s noticeable how the point in Figwe 4.13 forms an upper bairier for the graph.
These students held a barrier concept image where the function may not assume the

limit or even pass the barrier.

Thirdly, the limit lim f(x)= - caused problems for the students. Four students
SRR EE3N

~+,:having an asymptotic concept image thought of the x as | and because of that they
+: drew the curve through the point (1:0). Then, they thought of the v variable gemng to
b..inegative infi mty and sketched the gi aph as represented in Flgure 4 14,

P P IR e B A

i

/
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» Figure 4.14 A student’s graph of lim f() = -o

" In the last example students found sketchmg the graph of the 11m1t lim f(x)= +o

K= 4@

d1fﬁcuIt Onfy eleven students attempteil to draw the graph, and no more than seven
dld S0 smtab!y Some studenis linked the sequence of each vanable with a different
sequence that was not g:ven‘._For instance, they noticed that the variable x might

approach ‘positive infinity, but.they allied it with a sequence of y values that ‘gets




closer to zero, and not to positive infinity as was required. They made the same
mistake concerning the y, which tended to mfinity, and was associated with a
sequence of x values approaching wero. It :seems that these students conceived of an
asymptotic image of a limit of a function. ‘Namely, as a vertical asymptote when the
function tends to infinity, on one hand, and as a horizontal asyrptote whien  tends to

infinity on another hand. There was also no indication of real values in the limit

.. hotation to write the asymptotic express-ons. Therefore, they sketched the coordinates

., A@xes as asymptotes. . . _

In summary, each of the five concepl images identified was associated w1lh the
., graphical representation. Alternatively, the numerical representation appeared to be
lmked to the motion prcture and the procedural image while the. .algebraic

i l ! N
-

representatlon was only related to the pr ocedural image. In addltlon the students felt
e Lr!t's:asonably comfortable working with formulas. A considerable number of them. tried
to get a formula or an expression from u graph or a table when asked to determine a
limit given these two representations. Then they answered the question starting from
the obtained formula or expiession. Examples can be seen in Chapter 4.3.2.1 and
4.3.2.2 where the students tried__.u_) find an apalytic exponential function of the
represented func,tion ” to complete the table. However, they sometimes got
contradictory answers,. when changing from one representation to another. The
inconsistency of their responses was either due to the compartmentalisation of the
representations or because the circumstance did not prompt suitable images “and
~instead less apphcable images were evoked. The link of the algebraic calculations or
graphics to a context problem produced « 1mllar results. The mental representatlon the
students. Held'of a physical object being modeled was very often incompatible w1th

.. the images generated. .from the mahematical model itself Dreyfus (1991)
.;-distinguished images generated from = mathematical model and those that are
.i-generated by the physical object being modeled. Including a task on modeling reahty

.., further allowed 1me to ascertain the consistency of students’ images.




44 . THE LIMIT IN APPLICATION TO A CONTEXTUAL PROBLEM

We frequently hear from students, “we do not know how-to apply the limit concept in
daily life” or "I do not know why e niust study the limit of a Sunction, because I do
not see where we can apply it". Morzambican teachers are not used to employing
examples of daily life, where students may solve them with the krfowledge acquired at
school. Despite subjects, such as Physics and Chemistry that apply the limit concept,
links to other contexts are not referred (o in most mathematics lessons on limits. This
connotes Mathematics as a body of knowledge that has nothing to do with reality.
Boaler (1993) claimed, “the use of examples which students may analyse and
interpret, it is suggested, allows students to become involved with the mathematics
and to brake down their perceptions 0" a remote body of knowledge” (p. 118). The
benefits of a link between the concept and daily life goes beyond Boaler’s claim in
that the link of a concept with an aprlication or as a tool to solve tasks helps the
evolution of the students’ concept. Accordingly, [ included in the task one question to

see if the students can deal with a non-routine mathematical ‘problem in a realistic

situation.

In this task I wanted to focus on three aspects. Firstly, the students tried to answer the
question “what happens to the temperawre of a metallic bar removed from the fire if

the temperature (T) (in degrees Celsius) in function of time (t) (in minutes) was
: 9 : : L
expressed by T(¢) =26+ «-—% " using mathematical reasoning. Most students thought
t+ . : :

v . .. . .
mathematically with little reference t¢ the context. They justified the temperature
decrease saying that both magnitudes were inversely proportionally or, explaining
that, as the magnitude time was in the denominator, the bigger the denominator the

smaller the fract_ion.




Secondly, -there were,two questions with - the. same answer, -6ne (5:2(c)) asking the
approximate temperature of the room, ind the other (5.2(d)) to calculate the limit of

the given expression when t.(time) tends to positive infinity. The students’ answers to

these questions are illustrated in . Table .6,

Table 4.6 Students™ responses to questions 5.2(c) and 5.2(d)

Maputo | Quelimane

‘Both responses correct 2 7

5.2(c) wrong and 5.2(d) correct 6 s

5.2(c) correct and 5.2(d) wrong 15

*5.2(c) left blank and 5.2(d) correct ’ 4

N . 13

+:Only two students from Maputo and seven from Quelimane gave a correct answer to
Question 5.2(c). As we notice in the table above, many students calculated 1 — oo
correctly (Question 5.2(d)) but could not link it to the room temperature, either
.. i:leaving'the ansv;;er.b'lank or giving 4n iicorrect answer. For instance Gomes answered
-inthe interview; I did not onquer this question because the 'temperature of the room

. I cannot say that it was zero degrec Celsius. None of the data in the problem can
o conﬁrm that, I meariz.nothing says that it was zero degree or.other value”. Some gave
no answer or tried to give a temperaturc: that they thought of as a normal temperature

‘on the basis of the mental representations of the physical object the metallic "bar.

Nlustr ations of students answers are the followmg

“The temperature of the bar is that,tt had before it was put in the ﬁre
“It is that we feel in our environ ment the normal”

“It was cool”.




This rllustrated that the students did not understand the meaning of the symbol ¢ — o
in the glven cotitext. They had the 1 1magc of a metallic bar that they knew was getting
cooler when removed from the fire. I‘hu* thelr concept images were evoked from the
-..ontext of the prob]em and they did not associate these concept images with those
acquired from the mathematics. Altematrvely, five students gave an accurate
temperature of the room, but could not calculdte the value of the limit in Question
b 2d lt was ot p0551ble to deterrmne what strategies they used to mdrcate the_

temperature because they only gave the temperature without . any: explanatton

However Arthur’ s interview gave some insight.

I: “what was the temperature in the room?"
A: “26 deg'ree Celsius”
I “why do you think so?"

A: “because is the temperature of the bar at the mstant the bar was removed, |

consider this 26 of the glven exprc ssion”

This protocol showed that the interviewee drd not understand the structure of the

expression and could not work with the associated algebralc procedures

Thirdly. some students'claimed that the temperature increased showmg that they did
not relate the problem to the context in any way. They only 1mag1ned a mathematical
expression as tool to solve their problem héyond any context. As Mohammad Yusof
and Tall (1996) reported, students think that mathematical problems consrst of
application .of facts and procedures. Accordingly, this mathematlcal questlon was
difficult to answer wrthout using a mathematical Justlﬁcatton For them, the limit
calculation resulted in a solutxon where the temperature of the metalhc bar increased
or remained constant over trme In Question 5. 2(b) although they answered that the
temperature decreases they did not notice the contradiction in their mathematical

caleulation. They trusted their mathematical solution in Question 5.2(d), although this

&3




solution contradicted their contextual reasoning. Evidence of this.can be seen in the

responses of Edmundo and Susana.

_ §.2(a) What was the temperaturc: at the moment the bar was removed from the

fire?

Edmundo: T = 56°

Susana: T = 6,46°

5.2(b) What happened to the temperature of the bar as the time increases?
Edmundo: The temperature decreases

Susana: The temperature decreases

5.2(c) What was the room tempcrature?

Edmundo: T =56°

Susana: T = 26°

5.2(d) What was the temperaturc of the bar after long time?

Edmundo: -

Susana: T = +w»

Edmundo’s solunon of the mmal lempcerature was equal to his room temperature. On
the other hand Susana § room temperature solution was hlgher than the initial
temperature. However both students answered in § 2(b) that the temperature
decreased. Susana calcu]ated the limnit when 7 gets to infinity and obtained infinity as
a result. Likewise, nmeteen students obtained the same result This result is common
for a limit evaluatnon but it looks strange as a room temperature However it did not
sound strange for these students, because they might not associate the images of the
context with the concept images of the mathematics mvolved If they had, those
images would be m conflict with those generated from the mathematics.
Alternatively, Pedro denaoaetrated consistency between lthe mathematics concept

image and the image proveked from the context,

3o kga', M '.’|.",‘-‘.
TR IR R AT,

34




. . - R o B|L|0TECAH'.
I. “why do you answered that the temperature of the room was 26%7" et

P: “the metallic bar was getting cooler. until it reached the temperature of the room. I
think that the temperature of th: room is that of normal time, even if the time is

infinity the temperature of the room is already constant, therefore 1 tended the

temperature to infinity”.

In general, the Mozambican students :re not used to solving problems in context.
Therefore, when faced with a model! in daily life they mismatched the concept image
relatéd to ;[he context with those generated from the mathematics. In addition they
managed to work out problems usinp.. mathematical facts or procedures, without
logical reasoning and did not notice the contradiction between the answers. The
contradiction might have been avoided if the results had been discussed keeping in

mind the initial problem and not the marhematical model.

In this chapter the students’ coricept definitions of a limit of a function were split into
two broad categories. The first categorv encompassed the definitions that included a
dynamic nature. The dynamic nature was evidenced by thé students’ expressions such
as tends to, approaches to, and converges. These verbs inferred a movement to a
bbint of the' finction as the x values approached a fixed va;lue. Approach and
com-inuity were classified as dynamic concept defmitions: Al_texjnqtivé]y, the students’
definitioris indicated a static concupt definition, using the words interval,
neighborhood.'or the formal definition with the £~ § syﬁ;bols. As static concept
" definitions’ were co'ﬁsidcred the notation/algebraic calculan‘bn, boundary and formal
defi nition. All ihree categories suggested a fixed value or distance. Similarly, the
students’ images were also categorized as dynamlc or static n nature. The dynamic
1magcs mcluded the asymptotu and the motion picture. Addmg to these two
categones three statlc ‘concept imag:s were classified: the barrier, the value
correspondence and the procedural images. Moreover, 1 sought associations of the

students’ concept images and the different representation systems. Finally; I gave




oAl

some insight into how the students linked the images associated to the'context and

those generated from the mathematics in a daily life problem.
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CHAPTER S
SUMMARY AND CONCLUSIONS

In Chapter 5.1 T elaborate two aspects :n the process of solving tasks to complement

-the findings related to my research questions. Namely,  the interaction between

- ;concept image and concept definition. and the interaction between- concept images

and the representations’chosen to solv: tasks. The findings. of my research that are
related to my research questions..ar: summarized . in Chapter 5.2:"Chapter 5.3
describes the implications of the study ‘or the investigators, the police makers and the
teachers and Chapter 5.4 pomts out the Timitations of the study. Finally, Chapter 5.5

offer, some directions for future mvestl gahons

51 'CONCEPT * DEFINITIONS, CONCEPT ~ IMAGES  AND
REPRESENTATION SYSTEMS IN THE PROCESS OF SOLVING TASKS

Concept definition’ 5_f1d" lc'(.m'ccpt imuge formation is essential for a complete
understanding of a conceﬁt. When a student completes a task a definition or an image
held may be evoked in the solution process. In addition, the solution of:a task-is only
possible within a representation system. Consequently, in tHis section I want to give
an overview of the students’ consistencies or inconsistencies between concept
definitions and concept images they heid and the relationship between concept images
and the fé;")'feééhtations used to solve tisks. These issues are not directly linked to my
research questlons, but 1t . may be a contribution to further mvestlgatmns about the

studcnts actions when carrying out a task.




5.1.1 Interplay between students’ concept definition and concept images and

the way they performed the tasks

According to Tall and Vinner (1981) concept definitions are the specifications of a
given. concept using words, ‘whilst concept images are all individual pictures one
assoctates with the name of a concept. T'o solve a task one recalls a-definition and/or
images s’he relates to the concept under consideration. Vinner (1991) introduced four
features of .the process of problem solving or task performance drawing-on concept
image and concept definition. These are represented in Figures 5.1, 5.2, 5.3 and 5.4,
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Figure 5.2 Purely formal deduction
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Figure 5.3 Deduction following intuitive thought
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Elggggj_ﬁ Intuitive responses

In the first three processes when a task is given to a student sthe consﬁlts the concept
dpﬂnitioﬁ before the answer is given It do;s not matter 1f the concept image is
consulted before or after the concept Heﬁnition or if it is not consulted at all. In the
lést procéss the student responds tc the question by consulting the concept image and
without consulting the concept definition. Vinner indicated that it is this last process
that is most commonly used by students. In this study, the way the students answered
the questions, in which the three repres:ntations were related, they often ignored their
concept definition or even contradicted it. Table 5.1 shows the relationship between

the concept definitions and concept images for the studél_lts who were interviewed.

O My e "‘r'_r.\




Table 5.1 Students’ concept images and concept definitions

Concept

definition .

Concept images

Numerical
representation

(Q4.2and Q 6.4)

Graphical

representation

(Q6.3)

Algebraic
representation

(Q 6.7 and Q 7.3)

Notation/ .
algebraic

calcul.a"tion

- motion

- asymptolic

- asymptotic

- barrier

- procedural

Almeida

Approach

- motion

- asymptotic

- motion

--procedural

Notation/
algebraic

calculation

- value

correspon dence

- asymptotic

- procedural

Bertino

i

Approach

- procedur:l

- motion

- procedural

- agymptotic

- procedural

i Gomus

Approach

- procedural

- motion

- barrter

- motion

- procedural

Humberto

1
!

Boundary

- procedural

- motion

- procedural
- asymptotic

- barrier

- procedural

Notation/
algebraic

calculation

- procedural
- motion

- asymptolic

- motion

- procedural

Pedro’

Boundary

- motion

- procedural

- asymptotic

- procedural

Souto

FD

- procedural
- value

correspondence

- asymptotic

- procedural

P




In the table I have highlighted the siudents’ concept images that matched the concept
definitions they held. The table shows that the interviewees seemed to hold four

concept definitions: the formal definition, a notation/ algebraic calculation, a

» boundary, and an approach concept definition. Only one student evoked the formal

definition to reproduce the definition. However this concept definition did not match
with the images he recalled to solve tasks within the three representations. All three
students whose definitions were dynaniic in nature, namely, an approach concept
definition used a motion image when working in the numencal task and two of them
when faced with a task in the graphical - epresentatlon This revealed that the concept
definition approach by and large fitted the students’ concept lmage recalled when
working in the numerical and graphic:l representations. To perfonn the graphlcal
tasks two students, whose concept definition was boundary, used the asymptotic
image. Their image used in answering uestions in the graphical representation was
commensurate with the concept definition they held, but there was an inconsistency
between this concept -deﬁnitien and the images invoked in the numerical and
algebraic representations. The notation/ algebraic calculation concept definition
given by three students was reliable with a procedural image they used in the
algebraic representation, but it was inconsistent with the ifnages evoked to solve the
task in the numerical and graphical reprusentations. Jo3o’s use of a procedural image

in’ the numerical’ representation was an exception. To solve Question 4.2b) some

“‘Students”(32%) shifted from the numcrical to the algebraic representation before
' ""'iiid'ic"a:ti)ng'"the ‘limit (see Chapter 4:3.2.1). This indicated the dominance of the

*'procedural image when solving tasks which was dissimilar from most of' their

concept definitions. . The concept definitions offered by_ those students' were

approach, boundary and notation/algcbraic calculation. Similarly, 18,6% of the

students resorted to' formulas such as y =/° and y = 8% help them complete a

;. table, of values of a given graph (Chapter 4.3.2.1). In some .of the cases, the

i+ procedural image they evoked to solve the task was inconsistent. with the concept




“ definitions they held. Rita and Amalds, Wwho used the above’ analyt:c cxpresswns

gave « continuity and boundary concept definition respectively.”

v L e .
R I J L

I will use examples from student work to- itlustrate the relationships in Table 5.1.

Firstly, students were asked to represent hm f (r) 5 graphlcally Pedro’s definition

+

of a 1|m1t was, “Jimit of a funczzon is :he maximum value, where the funct:on ena‘s

The words maximum’ and ‘ends’ ev1dcnced the i image as a boundary Therefore his

deﬁmtlon was c1a551ﬁed as static, more cxactly, as a boundarv concept deﬁmtlon

Thls boundary might or might not be reached but 1s not surpassed Also Pedro s

graphlcal reprcsentatlon for Ques‘uon 6. 7(b) is given in Flgure 5. 5

’ Figt_lr:e‘“S._é-'.f.’edro_'s graph of lin; f(x)=3

ot

,.-.‘:-,\,.,’,[‘-heigraph-.pre__sented‘a horizontal.asymptote and the curve continually approached this

. - straight line, without touching it. It appears he evoked an asymptotic concept image to

5o
3

operate: in the graphical representation. Accordingly, there is a relationship between
his,concept definition, a boundary that was never touched, and the asymptotic concept
Jmage.,

In a second example Gomes defined 1 limit of a function as “the value to which the
funcnon tends wken X tends to a, in other words is the behaviour of the Sfunction when

x-teids*to a real number”. Wmds, such as “tends to” and “behaviour of a function”

inferred “a dyndmic character wnhm lns concept definition. This concept definition
N ‘C'r,l 3




was classified as approach, meahing that the sequence of y values gets closer to b
when the corresponding sequence of x values approaches a. ' In the interview, when

faced with the numerical question, ke looked at the behaviour.of the function

“] calculated, or saw the limit principle, all y values increased according to the x
values assumed. So here, after the value 1,99 the next point is 2,01. So I used the

same behaviour for the y values”™

This protocol illustrates that Gomes’ concept image also had a dynamic character, one
classified as motion picture. Again, there was commonality between the concept
image and the concept definition. Although the concept definition did not contradict
the coticept image we cannot say that the students consulted the concept definition or

conccpt tmage before they performed the task. If they did, their actions certainly did

N not rcﬂect most of the students” actions. Most of the students appeared to develop a
' conCcpt 1mage that was not consistent with their concept definition. The concept
o deﬁmtlon appears to be ignored when the students worked in most of the various

. "“'represenlatlons An illustration thereof u the study was Souto'and Jodo’s work. Souto

attempted to give a formal definition as follows,

“limit 'of a function is understood as a point x = 4 in the interval of theé domain of
the function, so that exists a number £)0 itis £)a where f(x))f{a}, so it means

limit of a function when x gels to  is equal to 4, i. e.lim f{x)= 4™,
£

However, the sentence did not match the meaning of his formal deﬁr'lition..Hc might

have rote-learned the definition and when he was required to reproduce the definition

. he distorted it. When he worked in the numencal representatlon he seemed to use a

procedural concept image. Actually, he resorted to an analy’nc expressmn to evaluate
the limit instead of analysing the neighborhood of the given point according to his

concept definition. Similarly, he used the procedural image when working in the




algebraic: representation. Alternatively, in the graphical task he.used the.asymptotic
image. Consequently, it appears that thare was no association between this students’

concept definition and.concept image.

Furthermore, in: his definition,  Jo3o claimed that-the “limit of .a -function is

lim f(x) = 4; f(x) #07; which was classified as notation or algebraic calculation. In

X=+

the interview, he was asked to explain kow he sketched lirr21 f (x) =5. He answered,
X

“Here, when the values of x approach 2 the function is getting closer and closer to 5.

, ,..That:is why I drew the graph so”

o

This_ statement 1llustrated the student 3 perception of the dynamlc chdracter of the -

... limit concept.. Thxs _concept image was one of monon and was mcon51stent w1th his

.. concept deﬁnmon Conversely, a procedural 1mage evoked when he solved algebralc
| .. tasks .was coherent with his concept definition. It appears that the last two students
. .did not recall their concept definitions before carrying a task. If they had consulted

their concept ldefmitions they would nave exposed a conflict between the concept

definitions and concept images evokad in the solutions process. For instance, in

Souto’ s fornzal definition he elaboratcd the intervals and neighborhood of a value g,
“which had little or nothing in common his perception of a movement of the points of

a function towards a value evident in his concept Image.

The research findings corroborated Tall's (1991) view that the students, when
performing a task, " miost-often do not sonsult their concept definition. It appears that
; they ‘solved the task mdependently ol their concept definitions, but with the use of
theii concept images.” “For exampl:, some of them used a procedural image,
i sométimes inconsistent with their concept definitions, to solve any task, because their

: concept 1mage of a limit‘of a function was sequence -of calculations employing rules
"7 dnd'tnéthods. | S |
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5.1.2 The students’ concept images and the representations

In '.tl_his‘ Section I want to summarize the concept-image derived from the students’
work in the different representations Doing so, I. will bridg together the two
fundamental  theoretical - frameworks on which my.study was based, the concept
deﬁmtlon/mlage (Tall and Vinner, 1951) and the representation theory of Douady
(1986). The mental representatlons formmg the concept 1mages are matenalized
through physucal representations systems such as the graphical, numerical and
.algebrai'c"‘ representdtions. Douady (1986) claimed that the use of different
representations enhanced the students’ conceptual development. Thus, 1 analysed
both, representations and concept images. As was mentloned m Chapter 42 the
students held multlple concept images either in the various represematlons or within
the same representation, but as Table ..‘ .1 portrayed the procedural was the dominant
concept image. ' |

The relatiopship between representations and concept images had two facets, that is,
the concept images and representation systems mutually influenced each other. On the
one hand, the students’ concept imagszs influenced the.choice of the representation
they used to solve the task in some cases. On the other hand the representatlon in
which the task was given led the students to recall a su1tabte concept image. Firstly, it
" “-appears that for the majority of the students, the concept images they held drove them
to 'tise a specific representation For in:tance, as we saw in Chapter 43.2.1 and 4322
the students resorted to. an analytt: ex} )resswn (algebranc representatlon) to indicate a
limit or to complete a table given a numencal table or a graph respectwely They
;. conceived of a limit of a function as a proceduml concept 1mage therefore they
pcrformed the tasks algebrawally irrcspective of representatton In addltlon in the
numencal task some students found an analytic expression that did not match the

given pairs of ‘values of the table. Consequently, the limit they obtained did not go




with the other values of the table. However, the students did not reject these solutions.
This demonstrated-once more, the dominance of the procedural image that guided the
students to an algebraic representation and their trust in algebraic solutions.

' Conversely there is-evidence that tae rupresentations used in some questions guided
 the students to use different concept im:ges. For example, for some students the limit
of the function represented.in Figure 5.2 (graphical representation) was equal to 3
.(Question 6:3(d)): The-graphical reptescntation guided them to.recall a, motion
concept image, where the values of the function approached and reached the value 3.

Howéver the algebraic representation !im f(x)=3 {Question 6.7(a)) led them to an

asymptor:c concept 1mage They sketched the function with a horizontal asymptote

'.;y3

Fi'gure'S. 6 What is the limit of the represented function?
It appears that prev1ous knowledge about a constant function dominated the student’ s
chowe of the concept image wherz the y values approached and reached: the value 3,
whereas the symbol +o0 might stimulate the image of & horizontal asymptote. A

further example was, Martina. In Question 3.3 she claimed that, * 11m f (x) =1 means

'l

,- that:when,x approqches 4 the function will have its maximum value 4. In this case
‘ o LS S M al ' B
.« i.she evoked a barrier concept definition, but she also used an asymprotic image 1o

.+ sketch the graph of hm S/ (x) 5. (Question 6.7(b)). In addition she applied a

St
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procedural image to solve Question 4.2 given in the numerical representation. It
might be that the symbol ‘lim’ (limit), used in Question 3.3, reminded her of a
boundary, thereby evoking a barrier image. Alternately, in a similar question
(Question 6.7(b)) she might have associated the limit with the verbs ‘tends.to’ or
‘approaches to’ that suggested a continual movement to an asymptote. And finally, in
Question 4.2, the procedural image appears to have dominated all other possible
concept images associated with the numerical representation. Similarly, Higuera et.
al. (1994) reported that the students used proprieties of functions (continuity and

incteasing), in a graphical representation and not in an algebraic representation, to

“justify the existence of a function. The rcason Higuera et. al. (1994) gave was that

students considered the proprieties as graphic characteristics and not analytic ones.
The example shows that only the graphical representations stimulated the continuity
and the increasing concept images This agrees with the influence of the
representation form in the students’ choice of the concept image and consequently
how they solved the task. In the next paragraph I put together Tall’s concept image
and representation theory of Douady using students’ work.

Douady (1986) suggested that developing a concept using different representations
help students learn new features that are more visible in a particular representation.
Indeed, as the student proceeds from one to another representation s/he expands
his/her cognitive structure with aspects s/he did not notice within other
representations, and forms a richer concept image of the considered mathematical
object. This happens when the images s/he forms working _vqi__th'each representation
are in harmony with the images s/he forms within other :reprcsentations.
Unfortunate]y, in most of the cases students developed dlfferent and sometimes
contradlctory images when working in different representations, and they do not
notice the contradiction if they did not evoke these images simultaneously. 1 picked
two examples from my research o illusirate the connection between concept image

and representation theory. Artur’s definition of the limit concept was classified as




notation/algebraic calculation (Table 51). When he worked within the numencal
representation he used a value correspondence image, where the limit is a value of the
function. However, he used a procedwal image within the algebraic representation
“and chose an asymptotic image to solve a task within the graphical representation.
Thus, he drew’a curve approaching a siraight line without touching it. This image is
'not consistent with the image he used within a numerical representation. In addition,
' “he was not’ able to graph the limit result of Question 7.1c) in the task, and in the
interview he stated that it is not possitle to draw a graph with that information, he
needed other information such as zeros of the function, the y-intercept(s) and so on.
This suggested that he did not develop an asymptotic image within the algebraic
representation. Conversely, Bertinc used « uniform concept image (procedural), not
“Gonsistent with his concept definition (approach), for solving tasks within graphical,

algebraic and numerical representations (Table 5.1). The examples above showed that

U Arthir used different ‘and contradictory concept images depending on which

'representation he was working on. Arwr’s work evidenced that the representations

used had an effect on the concept imaues he evoked to solve. the tasks. On the other
hand, Bertino recalling a procedural concept image resorted to an algebraic
expression irrespéctive of representation (numerical and graphical). Thus, according
to the-concept image he cvoked, he worked algebraically in all tasks no matter in

which representation the task was giver.

In conclusion there is a dual (non-causal) relationship between the representation and
the concept images chosen by students to solve a task. Secondly, the students held
multiplé concept images of the concept limit of a function. When they faced a task,
dependent on the',giv_en ‘representation they recalled a suitable concept image. This
does not mean that there is one dominant image in each representation. As Table 5.1
shows some students used more than onec concept image in the same replrcsentat_ion.
Thirdly, the resea;dh"‘-'findings. demonstrate-that the representation used in a.ques{ion

also stimulated the students’ choicé.of‘a spégiﬁ;é;concept image:to perform the task.




5.2 SUMMARY
5.2.1 -Purpose of the study
With this study.l intended to ascertain-Mozambican students™ concept definitions and

concept images and ‘how they worked within systems of representing limits. The

answers to .the three research-questions helped me to draw.-my conclusions. The

_research questions.were the following:

1. Do the.students conceive of the limit as a static number or as a dynamic
process? . -
What concept image and concept definition of the limit of a function do the
.Mozambican Grade 12 students hold?
3. How..do the Mozambican Grade 12 students understand each representation
and how do they relate the different representations: theoretical (definition),

graphical, numerical and algebrai ?

REEERTI

.. 522 Primary findings of the study

.The present study was undertaken in two classrooms from-two Mozambican schools,

one in_the capital, Maputo, and other in Quelimane, a northern province. ;Firstly,
nineteen students (26,8%) left Question 2, about the defimition-or ‘explanation of the

limit of a function, blank. The answers to this question:.offered the different concept

. definitions held by the students. From: the nature of the students’ definitions in

;. Question 2 they held either a dynamic (16,3%) or a static (56,9%) concept definition

of the limit of a function (Table 4.1 in Chapter 4.2). The static concept definitions
(notation/algebraic calculation, boundary and formal definition) suggested a fixed
number or dis'fan_ce.and included terms such as the last valug, the maximum or the

minimum value of the function, interval, neighborhood or a definition with &-&




symbols. The majority of the students (62,5%) used a static concept.'definition, a
notation or a sentence meaning an algebraic calculation reflecting their practice in the
classroom. Moreover, nine students assigned a limit as a boundary in agreement with
concept definition held by students n other studies (Davis and Tall, 1991, Monaghan,
.. 1994). As:revealed by the availablz litcrature the formal definition . using the -6
symbols seemed to.be too complicated for the students (Tall and Vinner, 1981,
Vinner, 1991). ‘Only.one out of four students who tried to write a formal definition
wrote a complete sentence, and it was not understandable. Another student offered an
incorrectly worded formal definition. Alternatively, some students (16,9%) used a
dynamic concept definition (continuity and approach) that.incorporated: an idea of
movement towards a target, which might or might not be reached (Chapter 4.2.4 and
4:2.5). The approach definition.echoe!l a widespread-idea of a limit-as a continual

movement. Tall (1991) indicated that the words “approaches but not reach”, “cannot

- pass” and “tends:to” used in such definitions are associated with a process of “getting

: ~closer” or-“going‘on forever’” expressing a dynamic view of the limit concept.

Secondly, the mental images the students formed about a concept show how well they
understood the concept. Tall and Vinner (1981) denominated- these mental images
concept fmages. The concept images generated from the students’ answers to
“Questions 4.2,,6.4, 6.3,-6.7 and 7.3 werc_divided into- dynamic-(39,3%) and static

.. .images (60,7%) as summarized Table 4.3 in Chapter 4.3.1.. The motion picture and

“asymptotic images gave the idea of movement towards a value, which was reached in"

_the first case and not reached in the latier. The static images 1ncluded a barrier; value
correspondence and the procedural images. These images portrayed a limit as a fixed
value that might not be a value of a function (barrier) or that was necessarily a value

- of a function (value correspondence) (Chapters 4.3.1.3 and 4.3.1.4). Moreover, the
limit was portrayed‘as a-value that resulted from successive mathematical calculations
(procedural) (Chapter-4.3.1.5). This image predominated the students” work. As was
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mentioned in Chapter 4.2.1 this was a rosult of what they frequently faced with in the

classroom.

Thirdly, the mental images come into being within.an ,external representation
(Dreyfus, 1991) and the switch betweun representation systems enhances students’
evolution of a concept (Douady, 1986). Therefore, questi_qns asking, the students to
move from one representation to another were developed in my research. The analysis

of students’ papers showed that they were more confident working in the algebraic
representation, most possibly due to the time they had devoted to exercises et;"l.i'mit
calculations at- school (Chapter 4.2.1). They faced difﬁculties when switching from
one representation to-another and somectimes obtamed contradlctory responses
However inmost cases they did not notice the contradiction. It seems that the students
compartmentalized the representations A phenomenon is compartmentahzed when
»-one has two different conflicting schemes in lns or her cogmtlve structure (aner and

: ,r;:Dreyfus,_;;;lﬂ&?),;-_r’I‘.tlt_e;__st_udents did not understand the -_reletlensh_lp ,betwecn the
s representations as ;\,'{as:refeneq to i;n Ch apter _4.3.2: “ ‘

. N
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~Fourthly, an analysis of students’ conuept definitions and concept images in;tieated
..::! that the;majority of.the students mostly conceived of the limit as a static number,
~.without iany relation with the limiting process. Only a small number of the students
appeared to conceive of the limii as & dynamic process. This finding iwas. not in

i accordance with .previous results reported by various. researchers. According to
-‘Monahagan (1994) various researchers found.that the students conceive of.the limit

- s.snot as astatic concept, but as a dynamic process. |

- . Fifthly, the student’s understanding of a concept may be measured by his (her) ability
‘of modeling reality to solve mathematical problems. Mathematical expressions are
often constructed to analyse objects or processes (Dreyfus, 1991). In. the process of

solving a task modeling reality students must distinguish concept images pfoduced by




the'situation or the object modeled from those that aré generated by the mathematical
expression used to model reality. The students in the study revealed shortcomings
when working with a mathematical expression that represented the decreasing of
temperature of a body removed from: the fire. They mismatched mathematics‘concept
images and the contextual concept image and sometimes obtained solutions that

contradicted the modeled reality.

+--5.3 IMPLICATIONS OF THE STUDY

" The Mozambican students faced difficulties'when théy’éhcouniered the concept of a

~ limit of a ‘function. This may be because of the abstract fiature of the concept. Various
 researchiers’ hdve also reported 'similar difficulties faced by students in different
“‘countries (Comu;1991; Bezuidenhout, 1999, Robinet, '1933). With the findings of
1 tHis study T nitend t' féach three goals. lirstly, reseaich‘in education is still very new
2.1 iR -‘Mozambige A’ few people in Mozambique have been investigating the topic, a
limit of a function. Therefore, onz of my goals is to inspire other Mozambican
investigators to work on this basic concept in the Calculus. Secondly, 1 hope to call
"' MozZambitan policy makers attention to the necessity of awaré;ﬁéss of the elaboration
- Litof:¢urricula, mantials and in the teachers’ training programs so that new teaching
. miiethods may be' introduced. Thirdly, this study is mainly dirécted at the teachers. 1
hope that the findings of this study help them to be more aware of some difficulties
that the students face when encountering the concept of a limit of a function, and call

" thieir atténtion to the 'us‘e of multiple representations, and the benefit of applying the
limit concept in reality for the evolution of students’ conceptualization. Fourthly,
within the availlabl'e jiterature 1 did not find a systematic investigation of the
relatioﬁship ' Betwéen the concept image (Tall and Vinner, 1981) "and the
representation systems (Douady, 1986). I hope that I'raised an issue that will be a

contribution to future research;
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5.4 LIMITATIONS OF THE STUDY

Since I worked only with two schools, 1his is a restriction to generalize the results. In
addition, the task and the interviews were;.developed in Portuguese. I am not fuily
proficient in Er_lg‘lish”'and' it is poésib]e that some bias was introduced in the translation
of the interviews t'ranscﬁpts into English and in the~_meéining‘bf some words used to
categorize the students’ answers. To overcome this, 1 discussed the sense of the

words with my supervisor and colleaguus in Maputo.
5.5 FURTHER RESEARCH QUESTIONS

Firstly, orly two clasées undertook the stu-dy. So, | s'uhgges'taa'*!sirﬁillar' sfudj:/'applying a

large number of students, so that a gencralization can be drawn.

Secondly, the iﬂterp]ﬁy between ccnecept definitions and poncépl images seemed to be
important for the students’ actions when facing a task. In my study I analysed some
cases where the concept images matched or did not match with the concept
definitions. Of interest -would be to go further and see if fhere are cases where both
concept'images and concept deﬁxmj.tions are actually quked and how it happens. This

means, which of them is recalled befors or after the othier.

Thirdly, 1 suggest a. deeper investigation into the relationship between the
representations used to perform the task and the concept 1mages held by the student.
Specially, because | found only one txamplc that evxdenccd ‘that the concept image
- influenced the choice of the representation lo solve a task. Namely, the procedural

image, that appeared to dominate the students’ wéy of solving tasks.




Annex A
Let’s speak about mathematics

Question 1 ©
I don't like
mathematics at all.

Er....1likeit....more -
or less.

Coa 1Ay Put*‘é*éifélg:fin‘-thezword that correspond to your feeling about mathematics.

EEFTEES
£

YT very much® 77 < Tliké it o] more or less not at all

W

g ':.:1_1{.‘2_.'Qngl.;»_tudgnt'makes this claim:

Mathematics is only abstract’
calculations withnut any relation to .
evervday life

Loyt e . 4 :

4

What is your o

FAl-AL

| jlilion? Put a circle in the appropriate choice.

strongly agrée agree strongly disagree .diﬁsagree ‘ " don’t know
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Question 3

3.1. Write down a definition of the limit of a function. If you don’t remember it

try to explain with your ewn words what you understand about the limit of a
function.

3.2. Some students states that the definition of limit of a function is difficult to

understand. Others do not have problem with it.

— T ) ’
1 understand the definition of ! I don.t- unders'tan.d the
definition of limit of a

the limit of a function very function at all
well. : . ® '

How well do you understand the definition of limit of a function? Encircle one of

the boxes.

Very well Well More or less Not at all

3.3.a) Write one sentence in a non-mathematical context using the phrase tends
te o

b) Write one sentence in a non-mathematical context using the word approaches

c) Write one sentence in a non-mathematical context using the word converges

d) Write one sentence in a non-mathematical context using the word limit

3.4. Explain what lin;l f(x)=1 means to you.




1.3. Which imaterials do you use _io sfudy mathematics? ‘Put a circlé in the

abprnpriate choice. (Note you can choose more than one letter)

I use Portuguese books and
Tuse my diary . the list of exercises given by

exercise book ) the teacher

[ use examination papers
from the past years and my
~ notes from the lessons

Diary exercise book | list of exzrcices | examination papers from the | other

given at school past years materials

1

Questioii 2

Try to rank from l(leést time) to 4 (most time) the time you used in the lessons

‘about limits of functions dealing with:

- theory (definition and theorems)
- calculus
- solving proﬁlems related to daily life

- working with graphs




IVERSIDADE

Question 4

4.1.1. Do you use a calculator during ybu;' mathematics Ieé'sons? oBILIOTEC A

i

N

&I

4.1.2. Which calculations do you normally do in the limit of function with the

calcuiator? 1

4.2. fixamine thé table below, which represents points that belong to a linear

function.

X T2 134 1349 35 151139 |39 4 vl
Y | -1 [ 04 |049] 05 | n,51 | 09 | 0099 , 12

a) Asx gets closer to 3,5 what hztppi-ns toy?
b) What is the value of lim f(x) ?
Py

4.3.a) Transpose the points to the graph

¢) Show on the graph the value the functicii approaches when x gets closer to 4.

Question §

’ .'n' ‘ ' . ] . B
'5.1'1. Do you apply the concept of Jirnit of a function in other courses in Grade

12?

[‘( es

5.1.2. Name these courses?

5.2. A metallic bar was removed from the fire. Its temperétilre, starting from .

that moment, is given by the expression:




T(t --2(-‘+—9~9—
)i: 20 (+3

T is the temperature in degrees Celsius and

t is the time in hours.

a) What was the temperature of the bar as it was removed from the fire?

b) What happens to T as t increases?

¢) The bar is getting cooler until it reaches room temperature. What is the
approximate temperature of that room?

d) Determine lim 7(r)

e) According to the problem what information give you the lin;; T(t) = 36

Question 6

6.1. Given-the function
y= x-2

_a) Draw the asymptotes of this function in the given Cartesian system.

b) Find the x/y intercepts
¢) Using your answers to a) and b) draw a rough sketch of the graph




d) What happens to y when'X gets to 37
) What happens to y as x gets closer to 27

6.2. Determine the following limirs

1 ' 1
lim = and lim =
=2 J'_Z ‘ (e R x—2

6.3. What are the limits of the functions when x gets.bigger in each case?

a) b)

Ja
WY

6.3.Complete the table of values of the function in b) as best as possible

X - . . 160 .| .10000

100000000

f(x)

6.4.What role the asymptotes play in the graph of a function?




6.5. What are the asymptotes of each of the following functions?.: ©

o4 s e
ay= =13

6.7. Draw a rough sketch of a possiblc graph to show the given limits.

“a)lim (=3 ) lim f(x)= 5

d) lim f(x)= m,nrpf(x): 2 and lim f(x)=3

A




l’

Question.7

7.1. Sbl_ve the following limits

a) linll(x"’ -3x+ D=
. 2-x
b)llmx_3 =

)

| t+2_
C)zl)r{l x'3 -
x'-5x+6
d)lin 1————-—*

X1 x -

)] X7 9

e} lim =
x—;'i‘f—}

f) 11m(1+ )3*'—

g)‘ hm ( ) =

) :
i

72Usec) to com_pleie the table -

2.4

7.3. Draw 'a',_rough grapli to illustrate your answer to 7:1‘5)

&

7.3.1, Which one of a-g in 7.1 seemed more difficult-to you?

7.3.2. Why?

Yo .
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